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Introduction 



Andre Weil (in a letter to his sister Simone Weil }W40] ) compares 
the situation of the one- dimensional objects of mathematics to that 
of the Rosetta stone. The Rosetta stone contains three languages 
talking about one reality - two languages (Greek and Demotic) were 
well understood, and one (Hieroglyphic) was a complete mystery. The 
situation in mathematics is somewhat different in that we have one 
language - the language of addition and multiplication, i.e. commu- 
tative rings - and with this language we are talking about three sim- 
ilar but different realities, two Geometric realities (curves over finite 
fields and curves over C, i.e. compact Riemann surfaces) are well 
understood, and one Arithmetic reality (number fields) is a complete 
mystery. Comparing Arithmetic and Geometry we find that we have 
the wrong language, and especially addition is behind the three basic 
problems of Arithmetic: the real prime, the arithmetical plane, 
and the absolute point. 

The real prime: In the geometry of curves over a field k we realize 
that if we want to have theorems we need to pass from affine to projec- 
tive geometry, and in particular we have to add the point at infinity co 
to the affine line and look at the projective line = u {oo}. In 
our language this translates into the fact that the fraction field of the 
polynomial ring k[X], the field of rational functions k{X), embedds 
into the field of Laurent series = k({x — a)) for each a e k, a.s well 
as into the field Koo = k{{-)). These fields have one dimensional local 
subrings, the subrings of power series Oa = k[[x — a\] Q Ka and Ooo = 
k[[^]] c Koo- Similarly in arithmetic we have to add the real and com- 
plex primes of a number field to the finite primes, and in particular 
add the real prime rj to the finite primes spec{Z) = {2, 3, 5, 7, 11 . . .}. 
The fraction field of the ring of integers Z, the field of rational numbers 
Q, embedds into the field of p-adic numbers Qp for each finite prime p, 
as well as into the field of real numbers = M. For the finite primes 
p, the fields Qp contains the one dimensional local subring of p-adic 
integers Zp c Q^. But for the real prime we find that Z^, the interval 
[—1,1], is not closed under addition! 

The arithmetical plane: Having two geometrical objects we can 
take their product, and a product of two curves gives us a surface. In 
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particular, the product of the affine hue with itself gives us the affine 
plane, x = A^. This translates in our language to the fact that 
k[x] 0k k[x] ^ fc[xi,X2]. But in arithmetic we find that Z ® Z = Z, 
the arithmetical plane reduces to its diagonal! 

The absolute point: The category of A;-algebras has k as an initial 

object, hence in geometry over k we have a point spec(k) as a final 
object. Having addition in our language forces the integers Z to be 
the initial object of the category of commutative rings, hence spec(Z) 
is our final geometric object, and we are missing the absolute point 
spec(¥i), where the "field with one element" Fi is the common field 
of all finite fields Fp, p = 2,3,5,7... 

It was Kurokawa, Ochiai, and Wakayama |KOWj who were the first 
to suggest abandoning addition, and work instead with the language 
of multiplicative monoids. This idea was further described in Deitmar 
[De] , but note that the spectra of monoids always looks like the spectra 
of a local ring: the non-invertible elements are the unique maximal 
ideal. For Kurokawa there is also a "zeta world" of analytic functions 
that encode geometry, where the field with one element Fi, is encoded 
by the identity function of C, see Manin [M]- Soule in [S] tries to 
capture Fi by defining "Fi-varieties" as a subcollection of Z-varieties. 
(It was C. Soule who awakened me from my dogmatic slumber). 

In [H07j we gave our first non-additive language for geometry based 
on the language of F-rings and ring-categories. A ring-category is 
a category A with two symmetric monoidal structures, "direct-sum" 
® : A X A ^ A, and "tensor-product" (g) : A x A ^ A, with ® 
naturally distributive over 0. The category of ring-categories has Fi 
as its initial object. As a category Fi has for objects the finite sets 
and for morphisms the partial bijections; the operation corresponds 
to disjoint sum; the operation (x) corresponds to direct-product. An 
F-ring is a ring-category A such that the canonical map ¥i ^ A 
is the identity on objects. The motivation for this language came 
from the hint of the real prime t]: while = [—1,1] is not closed 
under addition, it is closed under contraction, and we have by the 
fundamental Cauchy-Schwartz inequality that {x,y) = xi ■ yi + ■ ■ ■ + 
Xn-y-n is in Z^ = [—1, 1] if the vectors x, y are in (Z^)„, that is ^ 1 
and \y\ri ^ 1, with the /2-iiorm \x\r, = (XI l^^jp)^- 

i 

In |Du] Durov gives a more algebraic language of generalized rings 
based on monads of sets. But this forces him to replace the /2-norm 
by the /i-norm, and thus he gets the wrong results at the real prime rj. 
Thus in Durov's language GLni^r]) is the finite group of symmetries of 
the /i-polytope {x g M", ^ ^ 1}, while it should be the orthogonal 

i 

group On (and the unitary group [/„ for a complex prime) which is 
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the symmetry group of the /2-ball 



{x e W ,Y^\xi\'^ ^ 1} = 



'r) jn 



Indeed, MacDonald [Mac] gives a g-analog interpolation between the 
zonal-spherical functions on GLn{Qp)/GLn{'^p) and the zonal-spherical 
functions on G'L„(]R)/0„ and GLn{C)/Un- Similarly, there is a q- 
analog interpolation where the representation theory of the quantum 
group GLn gives in the "p-adic limit" the representation theory of 
GLnC^p), and in the "real or complex limits" the representation the- 
ory of On and Un, see |H08] . [0]. But Durov succeeded in proving 
the negative result that the tensor product of Z with itself, both in 
his category of generalized rings, and in our category of F-rings, re- 
duces again to Z, and thus the "arithmetical-plane" still reduces to its 
diagonal. 

Here we give a new language for geometry based on a new concept 
of a generalized ring. A generalized ring A is given by a sequence of 
sets with embeddings Aq = {0} Q A2 • • • Q v4„ Q • • • and 

projecions vr^ : An+i A^, with TTnlAn = '^'^A„- The set An carries an 
action by the symmetric group Sn, and the embeddings / projections 
are covariant. There are two covariant operations, the operation of 
multiplication 

Ak X {Ani X • • • X A„J — > An ,n = ni + ■ ■ - Uk 
a , b= (61, . ..,bk) aob 

and the operation of contraction 

An X {An-i^ X • • • X Anf,) ^ Ak 

a , b (a, 6) 

These operations are required to satisfy the following axioms: 
associativity: (a o b) o c = a o (b o c); 

adjunction: {{a,b),c) = {a,c o b) , (a, (b, c)) = {a o c,b); 



linearity: a o {b, c) = (a o 6, c) , (a, 6) o c = (a o c, 6), 
where c is obtained from c by diagonal embedding, 
and similarly b from 6; 

unit: have 1 e Ai satisfying 
a = loa = aol = (a, 1) 

It follows from the axioms that Ai is a commutative monoid with 
unit; (^i)" acts on An-, and a* = (1, a) is an involution of Ai. We say 



that A is self-adjoint if we have a* = a for all a e A-i. We say that 
A is commutative if wc have a oh = h o a ioi a e An-, h e A„i. We 
develop a geometry for self-adjoint generalized rings. We do not need 
the commutativity axioms, but the self-adjointness is indispensible. 
On the other hand, all our examples are commutative, and the self- 
adjointness axiom complicates the description of "formulas" in our 
language (i.e. of the free object). 

In Chapter §1 we give the precise definition of a generalized ring, 
in a more functorial (but equivalent) form. 

In Chapter §2 we give our basic examples of generalized-rings: 

the initial object - the field with one element F; 

the generalized- ring G{A) attached to a commutative (semi-) ring 

^; 

the local generalized-ring associated to a real or complex 
prime rj and its associated residue field F^; 

the generalized-ring F[M] associated to a monoid M; 

the free generalized-rings A"' (resp. A ) representing the functors 
A Ay, (resp. A ^ ]imAyj). 

F 

In Chapter §3 we consider equivalence-ideals, ideals, homogeneous- 
ideals, and the correspondences between them. There is also the use- 
full notion of /i-ideals, which for self-adjoint generalized-rings coincide 
with homogeneous-ideals. 

In Chapter §4 we consider the topological space spec{A), consisit- 
ing of the primes of the generahzed-ring A, with its Zariski-topology, 

and its dense subset Espec{A) consisiting of the stable primes. We 
show the contravariant functors A ^ spec(A), and A ^ Espec(A), 
take generalized-rings and homomorphisms into compact, sober (Zariski), 
topological spaces and continuous maps. 

In Chapter §5 we consider localizations of generalized-rings, and 
obtain the sheaf Oa of generalized-rings over spec{A) for a self-adjoint 
generalized-ring A. 

In Chapter §6 we consider the category CQTZS of locally-generalized- 
ringed-spaces, its objects are pairs (X, Ox) of a topological space X 
and a sheaf Ox over X of (self-adjoint) generalized-rings with local 
fibers. We show that the functors A ^ (specA, Oa) and (X, Ox) i-^ 
Ox{X) are adjoint. The category of Grothendieck-generahzed-schemes 
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is the full subcategory QQS ^ CQTZS consisting of {X, Ox) e CQTZS 
such that there exists an open cover X = (J f/j with {Ui,Ox\ui) = 

i 

specOx{Ui). The category of generalized-schemes QS is the category 
of pro-objects of QQS. We show that in QS there is a compactifica- 
tion spec(Z) of s]?ec(Z), and similarly for any number-field K there 
is a compactification spec{OK) of the finite-primes spec{OK)- These 
compactifications follow very closely the ones given in [HOT] . (and re- 
produced in |Du] ) ■ 

In Chapter §7 we consider the tensor-product of generalized-rings, 
and the resulting fiber-products in the categories QS 3 QQS of 
(Grothendieck) generalized-schemes. In particular, we have in QS the 
arithmetical plane speciTj) Xf^+^speciTj), and its open and dense affine 
generalized scheme given by the spectrum of Q{^)®¥[+i-\Q{^). We give 
an explicit description of the generalized ring Q{H) ®f ^(N), and of 
^(N) (X)^(N) (X)F[+1] which map surjectively onto Q{Z) (x) Q{Z). 

F W F[+l] 

In Chapter §8 we sketch the theory of divisors. We define the sheaf 
of meromorphic functions in (18.11) . and the abelian group of (Cartier) 
divisors in ( 18. 2p . In ( 18. 3p we mention the associated invertible Ox- 
module, (although we do not enter into the linear and homological 
algebra of modules in this paper). In (18.41) we define effectivenness 
of a divisor. In (18. 5p we define the ordered abelian group Div{X) for 
X = {Ajv} a generalized scheme. The point is that while we have some 
philosophies about the distribution of the primes within discrete data 
(e.g. conjugacy classes in Galois groups), we are completely ignorant 
about the distributuion of the primes (or prime powers) within the 
continuum M"*". We feel we need to recreate the continuum M"*" in an 
arithmetical way (as Pic{specZ)), cf. (18. 6p . In (18.71) we enter the 
twilight-zone and conjecture the existence of intersection numbers for 
divisors and of "Frobenus divisors" on specL Y\ specL. This is our 

F[+l] 

liebster Jugendtraum of |H89] - to give a Scheme for the proof of the 
Riemann Hypothesis. 

The reader should be warned that while admitedly, we have used 
the Riemann Hypothesis as a compass in the developement of this 
language, there are many open problems in arithmetics which are more 
"elementary" than the Riemann Hypothesis (e.g. an analog of Hurwitz 
genus formula for the map / : specL associated with / g Q*, cf. 

(6.4.13), will give the ABC conjecture), and there are still many more 
elementary problems in our theory. We need to redo " non- additive 
commutative algebra" , and as a first step, we need to understand the 
combinatorics of the "non-additive polynomials", which are given by 



finite rooted trees with certain labeUngs and boundary identifications 
taken up to commutativity and self- adjunction. 



Chapter 
Notations 



For a category C we write X e C for "X is an object of C" , and we 
let C{X, Y) denote the set of maps in C from X ioY. We denote by 
SetQ the category with objects sets X with a distinguished clement 
Ox e X, and with maps preserving the distinguished elements 

(0.0.1) Seh{X, F) = {/ e Set{X, Y) , f{Ox) = Oy }. 

The category SetQ has direct and inverse limits. The set [o] = |o} is 
the initial and final object of SetQ. For / e Seto{X, Y) we have 

(0.0.2) kerf = f-\Oy) , cokerf = Y/f{X). 

There is a cannonical map 

(0.0.3) coker kerf = X/f-^Oy) — > ker cokerf = f{X). 

We denote by Fq the subcategory of Seto with objects the finite sets, 

and with maps 

(0.0.4) 

¥o{X,Y) = {/ e Seto{X,Y), coker kerf ^ ker cokerf 

is an isomorphism} 
= {/ G Seto{X,Y), /U\/-i(Oy) is an injection}. 

We let Set, denote the category with objects sets and with partially 
defined maps 

(0.0.5) Set.{X, Y) =JL^ Set{X', Y). 

Thus to / G Set,{X, Y) there is associates its domain D(f ) Q X, and 
f e Set{D{f),Y). 

We have an isomorphism of categories 
(0.0.6) Seto ^ Set, 
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given by 



(0.0.7) 



X ^X_,=X^{Ox] 

f ^ U , D{U) = X f-\Oy); 



and inversly 

(0.0.8) {Ox}Ux = Xo^X 



fo{x) 



xeDif): fix) 
X i D{f) : Oy 

We let F, denote the subcategory of Set, corresponding to Fq under 
the isomorphism fl0.0.6p . it has objects the finite sets, and maps are 
the partial bijections 
(0.0.9) 

¥,{X,Y) = {/ : D{f) ^ f{X) bijecUons, D{f) c X, f{X) c Y). 

To avoid problems with set theory we shall work with a countable 
model of F, that contains [0] = (the empty set, the initial and final 
object), [1] = -[ij, . . . , [n] = {l, . . . , raj , . . . and is closed under the 
operations of pull-back and push-out. In particular F, is closed under 
disjoint union, the categorical sum, which we denote by X F ; it is 
associative, commutative, and has [0] as unit. Moreover, F, is closed 
under the "tensor-product" operation 

X®Y = {{x,y),xe X,yeY] = coker{X ILY ^ X^Y]- 

it is associative, commutative, and has [1] as unit, and is distributive 
over 0. With these two operations, and ®, F, is a "ring category" 
in the sense of |H07] . In fact, F, is the initial object of the category 
RingCat of ring categories. The F-Rings (on which the geometry of 
[H07j is based upon) are the ring categories A e RingCat such that 
the cannonical map F, ^ A is bijection on objects. Inspired by [SJ, 
we refer to F, as the "field with one element". The category F, has 
involution 

(0 10) F.(x,y)^F.(y,x) 

^ ' if : D{f) ^ f{X)) ^ f : /(X) ^ D{f). 

We usually let X, Y, Z, W denote objects of F,, without explicitly say- 
ing so, and when we consider ''Set,{X,Y)" it is usually implicitly 
assumed that X,Y e¥,. 



Chapter 1 



The Definition of 
Generahzed Rings 

A generalized ring A consists of the following structure: 

(1.1) A functor A e {Setof-. Thus for X e ¥„ we have Ax e Seto, 
and for / e ¥,{X, Y), we have /a e Seto{Ax, Ay), such that 

(l-l-l) {9of)A = 9AofA , {idx)A = idAx 

In particular, for an injection / : X ^ F in F,, we have an injection 
Ja '■ Ax ^ Ay in Seto, and a surjection : Ay -» Ax in Seto, 
f\ o = id Ax, and we usually identify Ax as a subset of Ay, and 
write a\x for /^(a) , a e Ay. 

(1.1.2) We assume: A[o] = {0} 

For / G Set,{X, Y) , with X,Y e¥„we define 

(1.1.3) A; = nVH.) = {^=(^^'^W(x), b(y^ e Af-^^y^ ^ Ax} 

yeY 

We have an operation of multiplication for / e Set,{X, Y), 

(1.2.1) o : Ay X Af ^ Ax , a,h^ aoh = aofh 
and we have an operation of contraction 

(1.2.2) {,):AxxAf^Ay , a,b^{a,b) = {a,b)f. 
We assume these operations respect the zero elements 

(1.2.3) Oy o 6 = Ox = a o 0/, hereO/ = {Of-i(y)) e Af 

(1.2.4) (Ox,6) = 0y = (a,0/). 



Thus for the cannonical map cx e Set,[X, [1]), the unique map with 
D{cx) = X, we have Ac^ = Ax, and we get the operations 

(1.2.5) o : X Ax ^ Ax, and 



(1.2.6) (, ):AxxAx^A[,y 

For the identity map idx e Set,{X, X), we have 
Adx = n ^{x] = (^[1])^) we get the operations 

xeX 

(1.2.7) o and {, ) : Ax x {A^.^f ^ Ax- 

Before we can write the axioms satisfied by o and (, ), we have to 
extend the definition of these operations. For / g Set,{X, Y), 
g e Set,{Y, Z), and z e Z, we obtain by restricting / the map 

(1.2.8) fUeSet.{{gof)-\z), g-\z)) 

For y e g~^{z) we have identification of fibers {f\z)~^{y) = f~^{y), 
and we have a projection 

(1.2.9) ^/-^/u , 6 = (6(^)) - 6|, = (6(^)),,,-i(,) 
The extended operations are given by 

(1.2.10) o:A,xAf^ A,o/ 
a,h^aofh with (a 6)('^) = a^^^ oy|^ (6^ 

and by 

(1.2.11) A,o/ ^Af^A, 

c,b^{c,b)f with (c , bp = (c(^) , (6y)^|^ . 
We can now write the axioms. 

(1.3) Associativity: For VI^ <^ Z <^ y / X in Set,, and for d e Ah, 

c G Ag, b G Af, we have in Ahogof' 

(1.3.1) do{cob) = {docjob 

(1.4) Left- Adjunction: For W <^ Z <^ Y ^ X in Set,, and for 

d e Ahogof, a e Ag, c e Af, we have in A^. 

(1.4.1) {d,aoc) = {{d,c),a) 

in 



(1.5) Right-Adjunction For W ^ Z ^ Y ^ X in Set., and for 

d e Ahog, a e Ag^f, c e Af, we have in Ah'. 

(1.5.1) {doc, a) = (^d,{a,c)^ 

(1.6) Left-Linear For W ^ Z <^ Y <^ X m Set,, and for d e Ah, 

a G Agaf, c G Af, we have in Ahog' 

(1.6.1) (d o a,c) = d o {a,c) 

(1.7) Right-Linear For Z ^Y J- X in Set,, we form the cartesian 
square, 

(1.7.1) ZYIX = {{z,x) G D{g) X D{f),g{z) = f{x)} 

Y 




Y 



with /, g the natural projections. Note that we have an identifi- 
cation of fibers 

f-\z)^f-\g{z))forzeZ 

and we get a map 

(1.7.2) Af^Aj, c^ce Aj with = c^^t^^l 
Similarly, g^^{x) = g^^{f{x)) for x e X, and we get a map 

Ag^A-g , a^deAg with = a(^(^)) 

The axiom of Right-Linearity states that for /, g, f, g as above, and 
W ■<!^Y in Set,, and for d g Ahof, a g Ag, c e Af, we have in A^of- 

(1.7.3) {d, c) o a = (d o a,c) 

Remark: In the above axioms, (1.3) through (1.7), we have a se- 
quence of identities, one for each fiber over a given element w e W. 
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We can assume without loss of generality that = [1], /i is the can- 
nonical map, and we get identities in Ax (resp. Az, Az, Ay, Az ) for 
deAz (resp. Ax, Ay, Az, Ax ) in (1.3) (resp. (1.4) , (1.5) , (1.6) , 

(1.7) ). 

(1.8) Unit axioms We have a distinguished element 1 = 1^ g A[iy 
Hence for each singleton {x} e ¥,, using the unique isomorphism 

[1] ^ {x} we get Ix e A^^y, and for / e ¥,{X,Y) we have 1/ = 

i^fHy))yefix) e Af. 

We have for all / e Set,{X, Y), a e Af 

a o hdx = a, 

(1.8.1) lidy oa = a, 

(« , hdx) = a 

Remark: In the above axiom fll.8.11) . we can assume without loss of 
generality that Y = [1], f = cx the cannonical map, and fll.8.11) read 

(1.8.2) a o Ij^^ = 1 o a = (a, Udx) = a for a e Ax 

Note that (1, a) makes sense only for a e ^[i], we define 

(1.8.3) a* = (l,a) , ae 
It is an involution of A^iy. 

(1.8.4) (a*)* = (1, (1, a)) = (1 o a, 1) = (a, 1) = a 

It preserves the operation of multiplication, and the special elements 
0, 1: 

(1.8.5) [aobf = {l,aob) = (^{1, b),aj = (lo (1, b),aj = 

= (l,a) o (1,6) = a* o6* 
0* = (1,0) = , 1* = (1,1) = 1 
For /GF.(X,y), and for 

a=(a(^))eA^ = nVM.)= A^^} = (Mf^^^ 

yeY xeD{f) 



we put 

xeX 



:i.8.6) a* = (a*(-)) e A^ = H A^^^^^^ = {A^.^y 



1?> 



and we have 
(1.8.7) 



(l/'o/,a) = a* 



(1.8.8) Definition: We shall say that A is self-adjoint if 

= a for all a e . 

Remark: In we have Ool = loO = OoO = 0, and 1 o 1 = 1, 
hence for f e¥,{X,Y), g e F.(r, Z), we have 



(1.8.9) 1, o V = l^^f 
Also we have (c.f. (0.10), (HMD), 

(1/)* = 1/- 

We obtain for all a e Ax, / e F.(X, y), 

(1.8.10) a o Ijt = (a o Ijt, Ijrfy) = (a, (1^^^, 1/t)) = (a, 1/). 

This gives a structure of a functor F, ^ Set^ on X ^ Ax-, which we 
require is the given stucture (1.1): Our unit axiom (11.8.11) is completed 
with the requirement that for all a e Ax-, f e F,(X, 1"), 

(1.8.11) aolf^ = {a,lf) = fAia). 

(1.9) Remark: Given a commutative diagram in Set,, (1.9.1) 



X 



f 



> Y 



with V? G F.(X, X'),ilje ¥,{¥, ¥'), we get a map 

(1.9.2) ((^,^)a: A^^Ay. , 

{<f, 'i/j)A{b) = 1^ o b o l^t for b e Af. 

The operations of multiplication and contraction are functorial in the 
following sense. For a e Ay, we have in Ax', 

(1.9.3) a o (ip, ilj)A{b) = a o 1^ o b o l^t = lpa (V'A(a) o b) 

1.3 



For a e Ax' , we have in Ay , 

(1.9.4) ^a, (ip, i^)A{b)J = (^a,l^obo = (^a o 1^, 1^ o 

(a o 1^, b), 1^^ = i/jA ((v'Ala)) 

(1.10) Remark: If follows from (1.3), (1.8), that y4[i] = Adf^ is an 
associative monoid with unit 1. It also follows that it is commutative: 

(1.10.1) aob = {aob,l) = {loa, (1, bj) = (1, {l,bj)oa = boa 

For X e¥,, the commutative monoid Ai^^ = (A^^)^ acts on the right 
on Ax, cf. ffTXTj) . Note that for a = (a(^)) g Aid^, and be Ax, 

(1.10.2) 6oa= (6oa,l,rf^) = (6,(1,,^, a)) = (6, a*) 



i.e. the two actions of (11. 2. 71) are related by the involotion. The monoid 
also acts on the left on Ax, cf. (I1.2.5p . and this is nothing but the 
diagonal right action: For a e A[^, b e Ax, putting d e Aid^, d^^^ = a 
for all X e X, 



(1.10.3) a o b = (1, a*) o 6 = (1 o 6, 5*) = {b, ff)=bo h. 

More generally, for / e Set,{X,Y), b e Aj, a = (a^^^) g Ai^y = 
{A^i]Y, we let 

(1.10.4) ~a e Aidx = {A[ijf , a^^') = a^^^^^^ ioix e X, 
and we have in Aj, 

(1.10.5) aob = bod. 

Indeed checking fll.10.5p at a given fiber Aj-ii^y-j, y e Y, reduces to 
fll.l0.3p . The action of (A[i])'^ on Ax is self-adjoint with respect to 
the pairing (1.2.6): for a e (A[^)^ , b,d e Ax, we have 

(1.10.6) {b oa,d) = {b, {d, a)) = {b,do a*) 

(1.11) Remark: There is enough commutativity in our axioms to 
make the theory work. However, all our examples (and calculations) 
will satisfy the extra axiom of 

Commutativity: For Z Y -J- X in Set,, and for a e Ag, c e Af, 

we have in A^^j = Af„g, 

(1.11.1) a o c = c o d 

using the notations of fll.7.ip , (11. 7. 21) . 
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Eventually, all our generalized rings will be self-adjoint and com- 
mutative, but we choose to emphasize the role of self-adjunction and 
of commutativity in the development of the theory. The reader may 
assume for simplicity that all generalized rings are self-adjoint and 
commuative throughout the paper. 

(1.12) Remark: For f,g e Set,(X,Y) we write f ^ g for 

(1.12.1) D{f)^Dig)a.ndg\Dif) = f 

or equivalenty, if for all y eY, f^^{y) Q g^^iv)- For / e Set,{X,Y), 
h e Set,{X, Z), g e Set,{Y, Z) such that h ^ g o we have 
{Ah,Af ) Q Ag via 

(1.12.2) AhxAf^Ag.fxAf^Ag 

Given such / and h, there exists g such that h ^ g o ii and only if 

(1.12.3) D{h) c D{f) and for xi, X2 e D{h) : 

h{xi) 7^ h{x2) =^ f{xi) f{x2) 

or equivalenty, 

(1.12.4) D{h) Q D{f), and for z^.Zi^Z : 

j{h-\z^))r.f{h-\z2)) = 
In this case we have hj f e Set,{Y, Z) with D{h/ f) = f{D{hj), and 

(1.12.5) h/fifix)) = h{x) 

This function h/ f is the minimal solution: for all g e 5*6^,(1", Z) such 
that h ^ go f,we have h/f ^ g. Thus when fll. 12.31) or fll. 12.41) are 
satisfied we have a well-defined contraction 

(1.12.6) {A^,,Af)^Ah/f 

Similarly, given / and h, there is a. g such that h ^ g o f and D(g) = 
f{X), if and only if 

(1.12.7) D{h) 3 D{f), and for zi ^ 22, z^ e Z : 

f{h-\z,))nf{h-\z2)) = 

In this case g = f\h is unique, D{f\h) = f{X), f\h{f{x)) = h{x) and 
we have a well-defined contraction 

(1.12.8) AhxAf^ Af\h>f X ^/ ^ ^f\h, (Ah, Af)^ Ah/f 

1.5 



Putting (I1.12.6|) and (I1.12.8|) together, we have for / g Set,{X,Y), 
h e Set,{X, Z), such that 

(1.12.9) for ^ Z2, e Z, f{h-\z,)) n f{h-\z2)) = 
a well defined contraction 

(1.12.10) (A, Af) Q A//, with D{h/f) = f{D{h)l 

and h/f{f{x)) = h{x) 

Note that in the axioms of right-adjunction (11. 5. II) . and left-linearity 

(11.6.11) . it is possible for the left hand side of the equality to be defined, 
while the right hand side is not defined ( the contraction (a, c) is not 
defined, but {doc, a) is defined). Thus some care is needed in passing 
from the left to the right of ffTXTD . (fTXTj) . If the right side of (fTXTj) 
or ( ll.6.ip is defined, so is the left side, and we have an equality. 

In particular, the axioms allow to transform any formula in the 
operations of multiplication and contraction, to an equivalent formula 
with only one contraction. Thus expressions of the form 

(a, 6) = (ai o 02 o • • • o a„, 6i o • • • o bm) 

are closed under multiplication and contraction, and we have the for- 
mulas: 

(1.12.11) {a,b) o{c,d) = {aod,dob) 



(1.12.12) ((a, b), (c, d)) = (a o J, c o 6). 

(1.13) Definition: A homomorphism of generalized rings (f : 
A ^ A' is a natural transformation of functors (so for X e ¥,, we have 
ipx e Seto{Ax,A'x), and for / e ¥,{X,Y), we have tpyofA = fA'Oipx), 
such that (f preserves multiplication, contraction, and the unit: 



(1.13.1) ip{a o b) = ip{a) o ip{b), 

(1.13.2) ip{{a,b)) = {^ia),^ib)), 

(1.13.3) ifiU) = U' 



Thus we have a category of generahsed rings and homomorphisms 
which we denote by QTZ. We let QTZc ^ QTZ denote the full subcate- 
gory consisiting of commutative generalized rings, i.e. those satisfying 
the extra commutativity axiom (11.11.11) . We let QTZ~^ denote the full 
subcategory consisiting of self-adjoint generalized rings, i.e. those sat- 
isfying fll.S.Sp . We denote by QTZ^ = GT^c G'R-^ the commutative 
self-adjoint generalized rings. 

We remark that for A, A' e QTZ, a collection of maps Lp = {(px £ 
Seto{Ax,A'x)} satisfying fll.l3.ip . (11.13.21) . fll.l3.3p . is a homomor- 
phism; i.e. it is automatically a natural transformation of functors by 
(ITXTT]) . 
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Chapter 2 

Examples of Generalised 
Rings 

2.1 The field with one element F 

Wc write F for the functor (0.8) : F. ^ Fq ^ Seto. Thus 
(2.1.1) 

Fx = Xo = xU{Ox}, andF; = J^] {f-\y)\ for / e Set,iX,Y). 

y 

The multiphcation is given by 

^ yod^f) ^y^oxf = xf^e{f-\y,)),^X, 

The contraction is given by 

Fx X F/ Fy 

a;o,(xf) ^(a:o,x/) = {^ ;[^°=.^/ 

It is easy to check that F is a (commutative, self- adjoint) generahsed 

ring. For A e QTZ, and for a; g X g F,, put 

(2.1.3) 

V?x(x) = (1^, IjJ = IxO Ijt e Ax, with e F.({x}, X) the inclusion. 

We have (fx £ SetQ{¥x, Ax), and the collection of (/?x define a homo- 
morphism e QTZ{¥, A). It is easy to check this is the only possible 
homomorphism, and F is the initial object of QTZ. 

2.2 Commutative Rings 

For a commutative ring A, let Q(A)x = A ■ X = A-^ be the free A- 
module with basis X. It forms a functor G{A) ^ A - mod ^ Seto- 

IS 



We define the multiplication for / e Set,{X, Y) by 

(2.2.1) g{A)Y X g{A)f = A^ xYl A^"'^^^ ^ = giA)x 

yeY 

a = (ay), b = {h^^\ef-Hy) ^{ao b)^ = af^^^ ■ bi^""^ 
We define the contraction by 

(2.2.2) g{A)x X g{A)f = X YlAf '^y^ -^A^ = g{A)Y 

a = (a^c), b = {b^^)xef-Hy) ^ («' = 2 ' ^^^^ 

It is straightforward to check that g{A) is a commutative self-adjoint 
generalized ring. A homomorphism of (commutative) rings ip e Ring {A, B) 
gives a homomorphism ^(</?) e gTZ{g{A),g{B)), thus we have a func- 
tor 

(2.2.3) g : Ring gn+ 

It is fully-faithful: if e g'}Z{g{A),g{B)), and a = (a^) e g{A)x, 
then 'fxict)x = {'^[i]ici'x)) by functoriality over F,, so is determined 
by (f[i] : A ^ B; the map (^[i] is multiplicative (and preserves 1), but 
it is also additive 

V[i](ai + «2) = (((01,02), (1,1))) = ((v?[i](ai),^[i](a2)), (1, 1)) = 

= <^[i](oi) + V[i]{a2) 
Thus <^[i] G Ring {A, B) , and (p = ^(</7[i]); and we have 

(2.2.4) Rmg{A, B) = gn{g{A), g{B)) 

Note that for every X g F,, we have a distinguished element 

(2.2.5) lxeg{A)x, (Ix), = 1 for allx g X 

hence for / g Set,{X,Y), the element 1/ = (l/-i(2/)) e Q{A)f. These 
elements satisfy 

(2.2.6) Is ° 1/ = W; i[i] = 1; 

Ix o 1/. = e g{A)f^x) ^ g{A)Yioife Seto{X,Y) 

Note that any element a = (gx) g g{A)x, gives an element of the 
monoid 

(2.2.7) (a) = (a,) g g{A)id^ = A"" 



and the vector Ix is cyclic in the sense that 

(2.2.8) a=lxo(a) 

The definition of Q{A) does not use subtraction and thus works 
for semi-rings A (having two associative and commutative operations, 
addition x + y , and multiphcation x ■ y, with units and 1, and 
multiphcation distributive over addition). We have the generahzed 
rings Q{N) and ^([0,go)), as well as the "tropical" examples ^(Nt) 
and Q([0,cc)t) where we replace addition by the operation of taking 
the maximum max{x, y}. 

The generalized ring ^(N) contains the cyclic vectors Ix e ^(N)x = 
, satisfying f l2.2.6p . and these vectors generate ^(N). For n = (n^) e 
^(N)x, we have the set over X. 

(2.2.9) 7r„ -.Xn^X 

Xn = {{x,j) e X X N+,j ^ n^} , 7r„(x, j) = x 
and we have 

(2.2.10) n= (lx„,l.J. 

We can view the elements of ^(N)x as isomorphism classes of sets 
over X. 

Let A e QTZ, and let a = (ax), with ax e Ax, ci{x} = Ix, and with 
ttgOttf = ttgof (where a/ = (a/-i(y)) for / e Set,{X, Yj). Define a map 
= (^(«) : g(M) Ahy 

(2.2.11) (^x : ^ Ax, ipx{n) = (ax„, a.J- 

For / G Set,{X,Y), and for m = (m^?')) e ^(N)/, we have similarly 
m^y'^ = (l^(y),l (V)) with vr^^ : X^^ f'^iv) the restriction of 
Tim-X^^ D{f) ^ X. We have by formula fll.l2.12p . 

(2.2.12) ((ax„,a^J, (aj^,4^2)) = i^x„ oa^^,ax^ o J = 
with TTy : Xn Y[ ^ ^ ^- Notc that for y G y we have, 

X 
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[1]< Y 



(2.2.13) tt7ry^(y) = J] nx-mx = {n,m)y 

Similarly, for n = {uy) e G{^)y = we have by formula 
(1.12.11), 
(2.2.14) 

(ay„,a7r„)o(a;f(«),a^^)) = (ay„oSx^, a7r^oa,r„) = (ay„ , a^rx ) ^ 
with TTx : 1^ n -^m ^ X- Note that for x e X, we have 

Y 




[1] 

(2.2.15) hx^i^) = ^/(x) -m^ = {no m)(^) 

Thus is a homomorphism of generalized rings, and we have a 
natural bijection 
(2.2.16) 

QTZ{g{N), A) = <a = (ax) e Y\ ^x, a{x} = 1^, o-g°o-f = o-gof \ 

\ XeF j 



2.3 The Real Prime 

Let I I : ^ [0, oo) be a non-archimedian absolute value on a field K. 
Let 



(2.3.1) 



\a={a,)eg{K)x, J] l^.l' ^ 1 [ 

[ xeX ) 



Note that X ^ Ox is a subfunctor of Q{K) : F. Seto- But it 
is also a sub-generalized-ring, in the sense that it is closed under the 
operations of multiplication and contraction, and 1 e 0[ij . The proof 
for multiplication is straightforward: 

For a = (ay) e Oy, b = {bx^) e Of, we have 



(2.3.2) 2l(ao6).r= J]|a^(.)M6p 



))|2 



xeX 



xeX 



yeY xef-^{y) yeY 

and so a ob e Ox- 

The proof for contraction is just the Cauchy-Schwartz inequality: 
For a = (ux) e Ox, b = (b^x^) e Of , we have 



2 \i(^,b)y 
yeY 



P = 2 
yeY 



2 ax ■ b]c 

xef-'^^y) 



(y) 



(2.3.3) 





f 2 \b^^^\ 




\^ef-^y) 



yeY \xef-^{y) 

^ 2 S =^ 2 \ax\' ^ 1 



yeY xef-^y) 



xeX 



and so (a, b) e Oy- 

Thus O is a generalized ring. Note that 



(2.3.4) 



mx 



I a = (ax) e Ox, J l^^l^ < ^ [ 

{ xeX ) 



forms a subfunctor of O, and it is (the unique maximal) ideal of O, 
in the sense that we have 

(2.3.5) O om,moO , {m,0), {0,m)^m 

By collapsing mx to zero we obtain the quotient (in Seto): 

(2.3.6) kx = Ox/mx = \a= (ax) e Ox, J] Kl^ = 1 [ U {O^} 

( xeX J 
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There is a canonical projection map ttx '■ Ox kx, with nxi^nx) = 
Ox- Now f l2.3.5p imply that there is a (unique) structure of a general- 
ized ring on k, such that vr is a homomorphism, vr e QTZ{0, k). It is 
given by 
(2.3.7) 

, ( a ob if I la o 61 1 = 1 
aob = < „ .„ , ^ ,{a,b) = 
[ if ||a o 6|| < 1 ' V ' / 

with the Z2 -norm 
(2.3.8) IIK)II= 



f (a,6) if ||(a,6)|| = l 
1 if ||(a,6)||<l 




2.4 Monoids 

We say that M is a monoid if it has an associative and commuta- 
tive operation •, an involution, and there are (neccessarily unique) 
elelments 0, 1 e M such that 

(2.4.1) m • 1 = m , m • = , for all m G M 

the involution preserves the operation and special elelments 

(mi • m2)* = m* • m2 , 1* = 1 , 0* = , and (m*)* = m 

A map of monoids (f : M ^ M' is required to preserve the operation 
ip{mi ■ 7712) = (f{mi) ■ (f{m2), as well as the involution and special 
elements: if{m^) = Lp(my , (f{l) = 1 , v^(0) = 0. Thus we have the 
category of monoids which we denote by Mon. For A e QTZ, we have 
e Mon, cf. (1.10), giving rise to a functor 

(2.4.2) gn Mon , A ^ 

This functor has a left adjoint. For M e Mon, let 
(2.4.3) 

¥[M]x = IJm = {X X (M\{0})) U {0} = [X xM] /[x, 0] ~ 

xeX 

It forms a functor X F[M]x : F, Set^. We define the operation 
of multiplication by 

(2.4.4) o : F[M]y x F[M]j ^ F[M]x 

[2/0, mo] , [^(^^m^J')] ^ [x^J'^^mo • m(^o)] 
We define the operation of contraction by 

(2.4.5) ( , ) : F[M]x x F[M]/ ^ F[M]y 
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[xo,mo] , [x^'^\m^^^] [y, mo(m^^^)*] if Xq = x^'^\ otherwiseO. 

It is straightforward to check that with these operations F[M] forms a 
(commutative, but non-self adjoint) generahzed ring, and for A e QTZ, 
we have adjunction 

(2.4.6) gn{¥[M] , A) = Mon{M, A^ ) 

^xi[x,m\) = (^(m),ljj ^ijj 

withj,GF([l],X),i,(l) = x 

We let Mon^ ^ Mon denote the fuU-subcategory of monoids with 
trivial involution, we have similarly adjoint functors 

Mon+ C gn+ 

(2.4.7) M ^ ¥[M] 

Am ^ A 

(2.4.8) gn+{¥[M],A) = Mon+{M,Am) 

2.5 Commutative trees and A 

By a tree F we shall mean a finite set with a distinguished element 
Op G F, the root, and a map S = Sp ■ F\{Of} F, such that for all 
a e F there exists n with (S"(a) = 0^; we write n = ht(a), and put 
ht{OF) = 0. For ae F, we put ^{a) = tt»S~^(a). The boundary of F is 
the set 

(2.5.1) dF = {ae F,u{a) = 0} 

The unit tree is the tree with just a root, {0}, and d{0} = {0}. The 
zero tree is the empty set, 0, and 30 = 0. Given a subset B ^ dF, 
we have the reduced tree F\b, obtained from F by omitting all the 
elements of dF\B, and then omitting all elements a e F such that 
all the elements of S~^{a) have been omitted and so on; we have 
d{F\B) = B. 
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(2.5.2) 




Given for each b e dF, a tree Gj,, let B = {b e dF , Gb 7^ 0}, and 
form the tree 

(2.5.3) F^G:=F\Bu\J{Gt\{OG,}) 

beB 

with S{a) = b a a e Gb and Sof, (a) = Oof, , and otherwise S being the 
restriction of the given Sp and Sq^,- 

Let for X e¥„ 

Ax = {F = {F^■,{F,}■,a)}/^ 

consist of the data of a tree Fi, a tree F^ for each x G X, and a 
bijection a : dFi ^ U ^^x- We view such data F as being the same 

xeX 

as F' = {F[] {-F^}; cr') if there are isomorphisms of trees ri : Fi ^ F[, 
T^:F^^ F'^, with a' o ti(6) = o (7(&)_for b e dFi, a{b) e dF^. 

Note that for such data F = (Fi; {Fx}\ cr), we have an associated 
map 

(2.5.4) a:dFi^X 

a{b) =xiSa{b)e dF^ 

For / e Set, {X, Y) , we have = Yl ^f-'^iy): its elements are isomor- 

yeY 

phism classes of data F = {{Fy}yef{x)', {Fx}xeD(fy, o'y), with bijections 
ay : dFy ^ ]J dF^, for all y eY. 

We define the operations of multiplication by 

(2.5.5) o : Ay X A/ ^ Ax 

25 



GoF = {Gi, Gy] t) o {Fy] F^; ay) = {Gi x F^^; x Gf^^y,T o a) 
with 

(2.5.6) Toa : d{Gi^ Fr()) = 

= dGi X dF^^ )^lJdGyX dFy ^ \J U SGy X dF^ = 

yeY yeYxef-^y) 
xeX xeX 

We define the operation of contraction by 

(2.5.7) ( , ) : Ax X ^ Ay 

{G,F) = {{G^-G,-T),{Fy;F,-ay)) = (d x x G^^; (r, a)) 

with 

T 

(2.5.8) (r, a) : d{Gi x ^r()) = ^Gi x ^ ]J 5(5^ x = 

= U U ^F^^^G, dFy X = y 5(F, X G^o) 

It is straightforward to check that A with these operations satisfy 
all our axioms of a generalized ring except the axioms of right-linearity 
(1.7.3) (also the axioms of commutativity (1.11.1) and self-adjunction 

(1.8.8) fails ). 

For a tree F, a subset G ^ F will be called a (full) subtree with root 
6 G G, if {G,SF\G\{b}) is a tree, i.e. SF{G\{b}) ^ G, and if moreover 
for all a e G, 

(2.5.9) either Sp^ (a) Q G or Sp^ (a) n G = 

Given such a subtree G <^ F, and given for each a e dG, a (full) 
subtree Ha F with root o, and given for a e dG, an isomorphism of 
trees aa'- ^ H, (with a fixed tree H), we form the commuted-tree 

(2.5.10) GS,^F = ( F\(G u [J Ha)] U(H\dH) {JidH x G) 
with S = Sc^ given by 

(2.5.11) S{x) = SF{x)ioj:x e F\(Gu ]J H^), andSF{x) ^ ]J dHa, 

aedG aedG 

2fi 



= {y,a) ioYx e F\{G u ]J Ha), and Sf{x) = y ^ dHa,a e dG, 

aedG 

= Sh{x) foYx e H\dH, andx ^ Oh, 
= iSi?(6) for X = Oh, 

= {y,SG{z)) foTX = {y,z) e dH x G, andz Oq, 
= Sniy) for X = (y, Og) e dH x G 




We let % denote the equivalence relation on trees generated by 
the above operation, and we let [F] denote the equivalence class of 
the tree F. Thus [F] = [F'] if and only if there is a sequence of 
trees F = Fq, Fi, . . . , F/v = F', and there are subtrees Gj Q Fj, and 
Hj^a ^ Fj (for a e dGj), and isomorphisms aj^a '■ Hja Hj, such 
that Fj+i = Gq, h -^j- Note that there is a canonical identification 
dF = ^(Cg^^F),'and hence if [F] = [F'] then BF = dF'. 

We can now return to our non-example A, and redefine Ax as 
the collection of isomorphism classes of data [[Fi\; {[Fx\}',cr), where 
the trees Fi, and F^, are taken up to equivalence. It is easy to check 
that the operations of multiplication (12.5.51) . and contraction (12.5.71) . 
are well defined, and satisfy all our axioms (including commutativity 
(1.11.1) but not self- adjunction (1.8.8)), and we have a (commutative 
but non self adjoint) generalized ring A e QTZ. 

Note that for / G F.(X,y) we have 1/ = i{Oy}yef(xyA'^x}xeD(fy, cry{Oy) 
0/-i(j^)), and the structure of A as a functor is given by 

(2.5.12) ([FJ; {mUx; cr) o If. = {{[F,]; {[F,]}; a), 1;) = 

[Fl\a-i( U SF^)];{[Ff-l{y)]}yef(Xy,(^) 

Note that A is non self-adjoint and the involution is non-trivial on 
A[i], we have: 



([^i];[^i];^)* = ([A];[i^i]; 



a 



Note that for X e F,, we have the element = ([{OjuX]; {[Oa;]}2,.ex; o") e 
Ax, where {0} u X is a tree via S{X) = 0, and a : X A ]J {0^.} 
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is the obvious map. These elements generate A, and they satisfy 
Sx ol ft = 6f(^x) e ^ Ay. 

For any commutative generahzed ring A, we have a natural bijec- 
tion, 
(2.5.13) 

gn{A,A) = {a = (ax) e Yl^x^ax o = af^x), all / g ¥.{X,Y)} 



(^("^ <— I a 

To define the homomorphism it is useful to have the following 
convention. For a tree F, with height h = ht{F) = maix{ht{b), b e F}, 
form the tree 

(2.5.14) F^ = FuU {{b,j), ht{h) <j^h] 

bedF 

with 

S{x) = Sp{x) for X G F, 

S{b, j) = {b, j - 1) for b G dF, ht{b) + 1 < j ^ h, 
S{b,ht{b) + l) = b 

The tree F'^ is of constant height. 

ht{b) = h for all b e dF^, 
and it can be viewed as a sequence of maps 

(2.5.15) Fj ^ -^...^F^^F^ = {0,} 

Fj^ = {beF^,ht{b)=j},Sj=S\FT 
with fibers over y e Fj , 

^ ' '^^^^ ' \ {(^J + 1)} y = ib,3) 

With our element a = (ax), we get elements asj+i ^ ^Sj+i = 11 ^s-\{y)i 



yeFj 



by 



(2.5.17) af = [ %-^(^) y = ]^ 
hence a well-defined element 

(2.5.18) a[F] = o o ■ ■ ■ o as^ g Aqf 



Note that since A is assumed to be commutative, equivalent trees 
give the same element of A. Given the forest of trees over X, { [F^] , x e 
X}, we have similarly a sequence of maps 

(2.5.19) ^ Fj_i ^ >F^ ^ X with h = max{ht{F^), x e X} 

With our element a = (ax) we have similarly a well defined element 

(2.5.20) (^{[F,]} = asj^ o ■ ■ ■ o as,^ e A^ = Yl ^dF^ 

xeX 

with 

TT = Si o . . . o Sh : Ff[ = IJdF, ^ X 

xeX 

The homomorphism tp^""^ : A ^ A is given by 

(2.5.21) ^('^) ([Fi]; {[F.]};a) = o l..,a([^^]j) e 

That (f carries the operations fl2.5.5p . (12.5.71) into the operation of mul- 
tiplication and contraction in A, follows from the formulas (1.12.11) , 
(1.12.12). 

Note that the inclusion of the set (12.2. 16p in the set (12.5. 13p . cor- 
respond to the cannonical homomorphism tt e QTZ(A, ^(N)), 

(2.5.22) TTx-.Ax^ g{N)x = 

^x([Fi];{[F,]};a),„ = tt5F,„ 

Finally we remark that the equivalnece relation on trees generated 
by the commutativity operation (12.5.100 . is generated by the simpler 
transposition operation: given a tree F, and b e F, and for each 
a G Sp^{b) a bijection cTq : Sp^{a) ^ [n], we can form the transposed 
tree 

(2.5.23) C^F = {F\Sp'{b))u[n] 
with 

5,.p(x) =Sf{x) foTxeF\{Sp'{b)uSp^bj), 
= (Tsp(x){x) e [n], hi xeSp'^{b), 
= b, for X e [n] 

The transposition (I2.5.23P is a special case of the commutation (12.5. lOp . 
but each commutation is obtained by a sequence of transpositions. It 
follows that every tree is equivalent to a unique reduced tree, where F 
is reduced if for all b e F, either I'ls-^^b) is non-constant (i.e. there are 
ai,a2 e S~^{b) with z/(ai) 7^ 1^(0.2)), or it is constant Ub = i^{a), any 
a e S~^{b), but then Ub ^ i^(&)- The reduced trees are characterized, 
within their equivalence classes, as those trees having the least number 
of elements. 

5>Q 



2.6 Free generalized ring A 



Fix W e¥,. We say that a tree F is W-labeled, if we are given for all 
b e F a.n injection 

(2.6.1) ^6 = yuf ■.Sp'{b)^W 

We view /i as a map : F\{Oi?} W, fj,{b) = We can give 

the commutation operation for VF-labeled trees ananlogous to fl2.5.10p 
(the isomrphisms cTq there, have to respect the labeling), we give only 
the simpler transpositions. 

Given a H^-labeled tree F, and b e F such that for all a e Sp^{b) 
we have fi{S~^{a)) = Wq ^ we can form the transposed tree 

(2.6.2) CbF = {F\Sp\b))UWo 
with 

Sc,f{x) =Sf{x) hixeF\{S^\b)USp'{b)), 
= ^{x)eWo for X e Sp'^ (b) , 
= b for X eWo 

Note that CbF is again VF-labeled by 

(2.6.3) iJ^^'' = idwo ■■ ^c^Fib) = Wo-^W 

f^^f ■■ ^dpiwo) S Sp\b) ^ W, hi Wo G Wo 

/i^^^ = /zf forxeF\({&}]j5,-i(6)) 

Note that we have a natural identification d(CbF) = dF. We write 
now \F^w for the equivalence class of the VF-labeled tree F; we have 
[F]vK = if and only if there is a sequence of VF- labeled trees 

F = Fo, Fi, . . . , Fjv = F', and elements bj e Fj, such that for all 
a e Sp^ibj), fi^^{S-\a)) ^ Wj, and F,+i = a.F,. 

Note that the operations of multiplication (12.5.51) . and contraction 
(12.5.71) . when appplied to trees equipped with VF-labeling, yield trees 
with natural ly-labeling. Moreover, these operations descend to op- 
erations on equivalence classes of W-labeled trees. We get in this way 
a commutative generalized ring A^, 
(2.6.4) 

{[Fi]w; {[Fx]w}xex; cr)/~ , ^1, F^ W'-labeled trees , 

a : dFi ^ \J ^F^ bijection 



w 



Ax 



The element 5^ = ([{0} U W]; {0^}u,ew; (^) e generates A 



w 
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For any commutative generalized ring A, we have a bijection 

w 



(2.6.5) gn{A^,A)=A 



The homomorphism <^(") is given by fl2.5.2ip . where for a W^-labeled 
tree F, with associated sequence of maps fl2.5.15p . the element a[F]w = 
a^i o • • • o as,^ e Asf is given by 
(2.6.6) 

(,) _( ao 1^, e for y e F\dF, (here//^ e F.(5^^(t/), W)) 



a 



'^^■+1 \ 1 foiy = {b,j] 
and similarly for the forest of VF-labeled trees [-F^]vk; we get 

G An, U:UdF,^X 



xeX 



Fixing a finite family Wi, . . . , g F,, we say that a tree F is 
{Wj}- labeled, if for all b e F\dF we are given j(b) e [N], and an injec- 
tion fj,b : <Sp^{b) ^ Given such a tree F, and 6 e F such that for 
all a e Sp^{b) we have j{a) = j, and fia{Sp^{a)) = Wq Q Wj, we can 
form the transposed tree fl2.6.2p . This operation generates an equiv- 
alence relation, and we write [F]wi for the equivalence class of the 
{Wj}-labeled tree F. Repeating the construction fl2.6.4p . with {Wi}- 
labeled trees, we get a commutative generalized ring A'^^'"'^^. The el- 
ements = ([{0} U W,]; {O^Uwi, ^) e A^^-^^^ generate A^--^^, 
and we have for any commutative generalized ring A, 

(2.6.7) ^;7^(A^-••^^, A) =Aw,x---xAw^ 

(i.e. A^i-^^ = (X) • • • (X) A^^). 

F F 

Given an injection j : W ^ W, every VT-labeled tree F is natu- 
rally ly'-labeled, and we have an injective homomorphism 
(2.6.8) 

A^- G gn{A'^,A'^'),A^{[F,]w; [F,]w;ct) = {[F,]wr, [F,]w';a) 

It is dual via (I2.6.5P to the map Ayyi Aw, a i-^ a olj. 
Converslely, if F is a VT'-labeled tree, and 

(2.6.9) Bp = {be dF, ^(5"(6)) g W^forn = 0, . . . , ht{b) - 1} 

than the reduced tree F\bp, c.f. (12.5.20 . is VT-labeled. We have a 
surjective homomorphism 

(2.6.10) A^* G^7^(A^',A'^), 



^xii^ilW, [Fx\w'',Cr) = {[Fi\b\w', [Fx\a(B)ndFj',Cr\B) 

withS = BF.na-^ljBpJ 

xeX 

It is dual to the map Aw ^ Aw', a i-^ aoljt, and we have A-'* o A-^ = 

Given a map / e Set,{Z, W), we have the element 
(2.6.11) 

Sf = muf{Z)uD{f)]; mUnify,<J = idnu)) ^ ^f^'"^""^ = 

= (A^®0^,^A/-H-))^ 

where the tree F = {0}u/(Z)uD(/), has SF\D{f) = f, = 0, 

and is labled by /xq : f{Z) ^ W, and /ly, = idf-i(^ya) for w e f{Z)- This 
element gives a homomorphism of generalized rings, co-multiplication, 

(2.6.12) AJ g gn{A^, A^'^"'^"')) 

which is dual to multiplication Aw x Yl ^f-^(w) ^ ^z- On the other 

weW 

hand we have the element 
(2.6.13) 

ef = ([{0}UD(/)]; {[{0}uf-\w)]Uf^zy,'J = id^u)) e AJ^^'^^-^ = 

= (A^®(X).e^A/-^^-))^ 

giving rise to a homomorphism of generalized rings, co-contraction, 
(2.6.14) A[) e ^?7^(A^, A^'-^"'(^)) 

which is dual to contraction Az x Y[ ~^ -^w- 

weW 

The functor A : F, ^ QTlc-, with its structure (of co-multiplication, 
co-contraction, and co-unit) is thus a co- generalized-ring-object in 
the tensor category (^7?.c,(X)), i.e. the dual of our axioms are sat- 

F 

isfied. (Just as the polynomial ring with co-multiplication 

A.(X) = X ®X, and co-addition A+(X) = X ®l + 1®X, is a 

co-ring object in the tensor category of (commutative) rings and (^) . 

z 

Example: Taking for W = [1], the unit set, a [l]-labeled-tree is just 
a "ladder" {xq, xi, . . . , a:„}, S{xj) = xj^i, and is determined by its 
length n. Thus the clement F = {[Fi]; [F^];(t) e A^-', is determined 
by the length of n of Fi, the point x e X such that F^ ^ 0, and 
the length m of F^. We write F = (x,z"' ■ (2;*)"'), and we have an 
isomorphism 

(2.6.16) AW ^F[^^-(^*)^] 

:\9. 



with the generahzed ring associated with the free monoid on one ele- 
ment, M = • [z'f u {0}. 

The self-adjoint quotient A^^^ of A^^\ representing the functor 

(2.6.17) Mon+, A ^ gn^{A^l\A) = 

is isomorphic to the generalized ring associated with the free self- 
adjoint monoid on one element M = 2;^ u {0}, 

(2.6.18) A™ ^ F[z'^] 

2.7 Limits 

Given a partially ordered set /, a functor A e (QTZ)^ is given by 
objects A^*) G QTZ for iel, and homomorphism Lpij : A^^^ A^''^ for 
^ ^ J) hj s such that Lpij oi^j^j. = Lfi^k for i ^ j ^ k, and (/Jji = id^ii)- 
The inverse limit of A exists, and can be computed in Seto. We put 

(2.7.1) (lim^»)x = {a= (a«) e ^,,,(a,) = a^for alH ^ j} 

I iel 

With the operations of componentwise multiplication and contraction 
limA^*^ is a generalized- ring (sub- ring of Yi A^''^). We have the univer- 

' iel 

sal property 

(2.7.2) gn{B,\imA^^) = \imgn{B, A^^) = 

T T 

= Wi) e Yl^n{B,A^^),<fijo^l;j = ^,fori ^ j} 
I 

If the set / is directed (for ji, ^2 e there is i e / with i ^ ^1,^2) 
the direct limit of ^4 exists, and can be comoputed in Seto- We have 

(2.7.3) (limA«)x = hmA? = (U4V{« ~ V^-mC^)} 

I I iel 

There are well defined operations of multiplication and contraction 
making lim A^''^ into a generalized ring. We have the universal property 

(2.7.4) gn{limA^^,B) = lim^?7^(A«, 5) = 

= {(i^i) e n On{A^^,B),,Pi o = for z ^ j} 
I 
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Chapter 3 
Ideals 



3.1 Equivalence ideals 

(3.1.1) Definition: For A e QTZ an equivalence ideal a is a collection 

of subsets ax ^ Ax x Ax, such that a^ is an equivalence relation on 
Ax, (wc write a ~ a' for (a, a') e ax; and for a = {(ly), a' = (a'y) e Af, 
we write a ~ a' for [ay, a'y) e a/-i(j/) for all y eY), and a respects the 
operations: if a ~ a' than for all h e A, 

, , a oh a' oh, b o a h o a' 

^ ^ ^ {a,h) ^ {a',h), {h,a)^{h,a') 

(whenever these operations are defined.) 

We let eq{A) denote the set of equivalence ideals of A. 
For a G eq{A) we can form the quotient A/a,, with 

(3.1.3) {A/a)x = Ax/ax = ax-equivalence classes in Ax 

There is a natural surjection ttx : Ax Axj^x, and there is a unique 
structure of generalized rings on Ajd. such that tt g QTl{A, A/a). 

(3.1.4) Definition For ip e gn{A,A'), we let 

KER{(p)x = {(ai,a2) g Ax x Ax,ip{ai) = ipx{a2)} 
KER{(f) is an equivalence ideal. 

(3.1.5) We have the universal property of the quotient 

gn{A/a,A') = {(pe gn{A, A'), KER{ip) ^ a} 

(3.1.6) Every homomorphism (p e QTZ(A,A') has a 
canonical factorization 

(p = j O (p O TT 



A/KER{ip) ^ i^{A) 



with TT surjection, j injection, and an isomorphism. 

3.2 Ideals 

(3.2.1) Definition : For A e QTZ, an ideal a is a collection of subsets 
a.x ^ Ax, with Ox e a^, and with y4 o a, a o ^4, (yl, a), (a, ^4) ^ a. We 
let il{A) denote the set of ideals of A. 

For a G eg (A), we have the associated ideal Z(a): 

(3.2.2) Z(a)x = {ae Ax, (a, Ox) e a^} 

For a G i/(A), we have the equivalence ideal E{a) generated by a, it is 
the intersection of all equivalence ideals containing (a, 0) for all a g a. 
These give a Galois correspondence: 

E ^ 

(3.2.3) il{A) ^ eq{A) 



ai Q a2 =^ E{&i) ^ E{&2) 
ai ^ a2 =^ Z{a.i) ^ Z{aq) 



It is monotone, 
(3.2.4) 
and we have 

(3.2.5) a Q Z£;(a) , £;Z(a) ^ a 
It follows that we have 

(3.2.6) ZEZ{8,) = Z(a) , £;(a) = £;Z£;(a), 
and the maps E, Z induce inverse bijections 

(3.2.7) E-il{A) « Z-eq{A) 
with 

(3.2.8) E-il{A) = {a G zi(A), a = ZE{&)} = {Z(a), a g eg(A)}, 



the stable ideals, and 

(3.2.9) Z-eq{A) = {a e eq{A), a = EZ{a)} = {E{a), a e il{A)} 
Let a e il{A), and let a = (ax) be defined by 

(3.2.10) ax = 

(a, a') e Ax x Ax, there exists a ]9at/i a = ai,a2, ■ ■ ■ ,an = a', 
with {aj, aj+i} of the form either {{dj o Cj, bj), (dj o cj, bj)}, 
^ ^ or { {dj , bj ocj), {dj , 6j ocj)} with dj e Ay^ , bj e Af^ , 

/j e Set,{Zj, X), Cj, Cj e Ag^,gj e Set,{Zj, Yj) or resp. [ 
gj e Set,{Yj, Zj) and with c^^'' = c^j\ or c^^\ c^^ e a, 
for all z G Y^(resp. z e Zj) 

(3.2.11) Claim: ^(a) = a 

Proof: It is clear that ax is an equivalence relation on Ax-, and 
that ax ^ -E'(a)x, and we need to show that a respects the operations 
(13.1.21) . If (a, a') e a, so there is a path a = ai, . . . , = a' as in 
(13.2. lOp . then h o Uj (resp. Oj o h, {h,aj), {aj,h)) is a path, showing 
(ho a, ho a') (resp. (a oh, a' oh), {{h, a), {h, a')), {{a, h), {a', h)))) is in 
a. This follows from the identities 
(3.2.12) 

h o {d o c, b) = {{h o d) o c,b) , h o {d, b o c) = {h o d, b o c) 
resp. {d o c, b) o h = {d o {c o h) , b) , {d, b o c) o h = {d o h, b o c) 

{h, {d o c, bj) = {h o b, d o c) , {h, {d, b o cj) = {{h o 6) o c, d) 
{{d o c,b) , h) = {d o c, h o b) , {{d, b o c),h) = {d, (h ob) o c) 



It follows that a e E-il{A), a = ZE{&), if and only if for all b, d, c, c 
as in 03.2. lOp . 

, 2 ]^o\ {d o c, b) e a -i^ {d o c, b) e a. 

and {d, b o c) e a <^ {d, b o c) e a 



3.3 Operations on ideals 

The intersection of ideals is an ideal, 

(3.3.1) ai e il{A) ^ f]ai e il{A) 

i 

Given a collection B = [Bx ^ Ax], the ideal generated by B will 
be denoted by {B}a, it is the intersection of all ideals containing B. 
If B satisfies B o A<^ B, \i can be described explicitly as 



(3.3.2) {B] 



A,X 
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= {a e Ax, a = (d o c, b) or a = (d, b o c) for some d e Ay, b e Af, 
f e Set,(Z, X), ceAg, ge Set,{Z, Y), 
or resp. g e Set,{Y, Z) 
and with c = (c^^-*), c^""^ e -83-1(2) for a\\z eY (resp. z e Z)^ 

It is clear that the set described in (13.3.21) . contains Bx-, and is 
contained in [B]a,Xi and we only have to check that it is an ideal - 
this follows from the identities (13.2.121) . 

In particular, for a^ e il{A), we can take I? = [Jaj, and we obtain 

i 

the smallest ideal containing all the aj's. 



(3.3.3) 




Thus il{A) is a complete lattice, with minimal element the zero ideal 
= {Ox}, and maximal element the unit ideal {1}a = {^x}- 

Note that for arbitrary B we can similarly describe the ideal it 
generates as 

(3.3.4) {B]a,x = 

= {a G Ax, a = (d o c o e,b) OT a = {d,b o co e), with c*-^-* e Sfor all 2;} 
Note that for a subset B c A[ij, we have 

(3.3.5) {B}a,x = {ae Ax, a = {d,bo c),de Ay, b e Af, 

f e Set,{Y,X),c= (c^^^) e A,,^ = (A[i])^,c(^) e S u 5*} 

We do not need the e's in (I3.3.4P because we have commutativity 
c o e = e o c, c.f. (11.10.31) . and we do not need the two shapes of 
(13.3.21) because the (A[i])^-action is self-adjoint {d, b o c) = (do c*, b), 
c.f. (1.10.6). 

3.4 Homogeneous ideals 

An ideal a e il{A) is called homogeneous if it is generated by a[i]. The 
subset a[i] Q A[^ satisfies for all X e¥,, 

(3.4.1) (Ax,Axo(a[i])^) ca[i] 

Conversly, if a subset a[i] c A^^ satisfies (I3.4.ip . then aj-,^-| = a[i] 
(because for a e a[i], a* = (1, 1 o a) e a[i]), and a[i] o = a[i] 
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(because for a e a[i], b e A^^, a o 6 = (6, 1 o a*) e a[i]). Moreover, the 
ideal b generated by a[i], has 

(3.4.2) hx= U {Ay,Afo{e.^,^f) 

feSet.{Y,X) 

and in particular b[i] = a[i]. Thus we identify the set of homogeneous 
ideals with the collection of subsets a[i] ^ A^^ satisfying (13.4.11) . and 
we denote this set by [l]-i/(A), 

(3.4.3) [l]-^l{A) = {a ^ A[,^, {Ax, Ax o (af) c a} 

The set [l]-z/(yl) is a complete lattice, with minimal element {0}, 
maximal element {1}a = ^[i]- For a^ e [l]-i/(yl), we have f]ai e 

i 

[l\-il{A), and Xi^j ^ where 

i 

(3.4.4) 2^^ = 

i 

= |a G a = (b,doc),b,de Ax,c= (c^^)) e (|J a^)^ Q Ad^,X e ¥, 

Note that the homogeneous ideal generated by elements ai e Aji], 
i e I, can be described as 

(3.4.5) {ai}A = 

= {ae a = {b,do c), b,deAx,c= (c^^^^) e Aid^,c^''^ = ai(^.) 
orc^^^ = a-(^)forx e X} 

We have also the operation of multiplication of homogeneous ideals. 
For ai,a2 e [l]-z/(v4), we let ai • a.2 denote the homogeneous ideal 
generated by the product ai o a2 = {ai o a2, g aj}. 
Thus 

(3.4.6) ai • a2 = 

= {ae A[i],a = {b,doc),b,de Ax,c = (c^""^) e (ai o a2)^ c Aid^} 
This operation is associative, we have for ai,a2,a3 e [l]-«/(yl.), 

(3.4.7) (ai • a2) • as = ai • a2 • as = ai • (a2 • as) 
with ai • a2 • as = 

= {ae a = {b,do c), b,de Ax,c = (c^"")) e (ai o a2 o as)'^ c Aid^] 
(use (b, d o ai o 02) o as = {b, d o ai o a2 o a|) and ai o (b, d o a2 o as) = 
(b, d o a2 o as o d\)). 
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The multiphcation of homogeneous ideals is clearly commutative, 
ai o a2 = a2 o ai, has unit element {1}a = ^[i]? a ■ {1} = a, and has 
zero element {0}, a • {0} = {0}. Thus g Mon+. 

For a homomorphism (f e Q7l{A, B), and for b g il{B), (resp. 
b G [l]-i/(i?)), its inverse image ip*{h)x = 'Px^O^x), (resp. V3['i](b) = 
V5[i|(b) Q ^[1]) is clearly a (resp. homogeneous) ideal of A. For 
a G il{A), (resp. [l]-i/(yl)) let V5*(a) ^ B denote the (homogeneous) 
ideal generated by the image 99(a) (resp. (/?[i](a)). We have Galois 
correspondences 

(3.4.8) ^ and il{A) ^ il{B) 

The maps 99*, (p* are monotone, and satisfy 

(3.4.9) a^(^*(^^(a), (/?^v'*(b) Q b 
It follows that we have 

(3.4.10) Lp^{a) = tp^tf*tp^{d) , (/?*(b) = v5V*V^*(b) 
and Lp* , Lp^ induce inverse bijections, 

{a G [l\-il{A), a = </?*</?*(a)} = 

= K(b),bG [1H(5)} ^ {(^,(a),aG [l]-zZ(A)} = 

= {bG[l]-z/(i?),b = <^,(^*(b)} 

and similarly with il{A) and il{B). 

(3.4.11) Definition: For an equivalence ideal e e eq(A), and for an 
ideal or a homogeneous ideal a, we say a is e- stable if for all {a, a') e 
e : a e a <^ a' e a. We denote by il{Ay (resp. [l]-i/(y4)'^) the set of 
e-stable (homogeneous) ideals. 

Letting tt^ : A -» A/e denote the canonical homomorphism, we 
have bijections 

il{AY « il(A/e) and [l]-il{AY « [l]-U(A/e) 

(3.4.12) a^7r£(a) 

vr.-^b) -b 

(3.4.12) Definition: For an (resp. homogeneous) ideal a, we say a is 
stable if it is i?(a)-stable. We denote by E-il[A), (resp. E[l]-il{A)), 
the set of stable (homogeneous) ideals. Note that by the explicit de- 
scription of -E'(a) in (13.2. lOp . a subset a Q A[^ is a stable homogeneous 
ideal if and only if 

(3.4.13) for X,Ye¥„b,de Ax^y, c, c g (A[i])^®^, 

3Q 



with c^^^ = c^^^for x e Xand c^^^, c^^^ e afor y eY, 

have : (6, d o c) e a <^ (6, d o c) e a 

(taking X = [0], c(^) = 0, we see that this condition includes a 
being a homogeneous ideal). 

3.5 /i-ideals 

(3.6.1) Definition: For A e QIZ, a subset a Q will be called 
h-ideal if for all X e F,, b,d e Ax, c = (c^^^) g (a)'^ c we have 

(3.5.2) {boc,d)ea 

We denote by h-il(A) the set of /i-ideals of A. 

Comparing with the definition of homogeneous ideals (13.4.31) . we 
have 

(3.5.3) = {a e h-il{A), a = a*} 

The set h-il(A) is a complete lattice, with minimal element (0), max- 
imal element (1) = A[iy For a^ g h-il{A), we have £ h-il{A), and 

G /i-«/(A), where (c.f. ^ZM) 

(3.5.4) 

^ai = j a G A[i],a = {boc,d),b,de Ax,c= (c^^^) g dja^)-^ c A^^^ 

i i 

Note that the /i-ideal generated by elements g A^ij, i e I, can be 
described as (c.f. (13.4.51) ) 

{ai)A = {ae A[ij,a = (b o c,d),b,d e Ax,c = (c^^^^) g {aj-^ Q A^d^} 

In particular, for a e the principal h-ideal generated by a is just 

(3.5.5) (a) A = a o 

Indeed, if c^^^ = a o e^;, e^; g y4[i] for x g X, than for b,d e Ax, 

(b o c,d) = a o (b o e,d) e a o A[ij 

(while the homogeneous ideal generated by a is the /i-ideal generated 
by a and a*, c.f. (13.4.51) for {aIa)- 

We have multiplication of /i-ideals, for ai , a2 g h-il(A), 

(3.5.6) ai • a2 = 

AO 



= {ae A[i],a = {boc,d), b,deAx,c= {c^'^'^) e (ai oaa)^ Q Adx} 
It is associative, 

(3.5.7) (ai • a2) • as = ai • a2 • as = ai • (a2 • as) 

with ai ■ a2 ■ a3 = {a G ^[i], a = (6 o c, d), b,d e Ax, 

c = (cS'^y) e (ai o a2 o ag)^ c ^.^^ } 

(Use now: (6001002,^)003 = (6001002003, d), and 010(6002003, (i) = 
(6 o oi o 02 o 03, d)). 

It is clearly commutative, ai ■ a2 = a2 ■ ai; has unit (1), a ■ (1) = a; 
has zero (0), a • (0) = (0). 

We can also divide /i-ideals. For ao, ai e h-il{A), we let 

(3.5.8) (ao : ai) = {cG A[i],coai ^ ao} 

This is an /i-ideal, (ao : ai) e h-il{A). Indeed, for c^^^ e (ao : ai), and 
for any b,d e Ax , and any oi g ai , we have 

(6 o (c(^)), d) o oi = (6 o (c^^) o oi), (i) G ao 

and so (6 o (c^^^), d) e (ao : ai). 

For elements mi, 1712 g Ax, we have their annihilator 

(3.5.9) a?T.n^(mi, 7712) = {a g v4[i], o o mi = o o 777,2} 

This is an /i-idcal, annA{rni, 1712) g h-il{A). Indeed for S-^^ e 07777^(7771, 7772), 
and for any b,de Ay we have 

(6o(c(^)),(i) 07771 = 

(6o(c(^) ),d) = (6o(c(^) 

0777.2), 

J) = (60(0(2^)),^) 07772 

and so (6 o (c^^^), d) g annA{mi,m2) 

Let (/? G Q7l{A,B). For an /i-ideal b g h-il{B), its inverse image 
93* (b) = 95|^|(b) Q A[i] is clearly an /i-ideal of A. For an /i-ideal 
a G h-il{A), we let (^*(a) ^ -B[i] denote the /i-ideal generated by the 
image (/?[i](a), (/7*(a) = lim(5x o ((/?[i](a))^, Sx). 

We have a Galois correspondence 

(3.5.10) h-il{A) ^ /i-7/(5) 

The maps ^9*, are monotone, and satisfy 

(3.5.11) aQ(^V*(a) , (b) ^ b 



41 



It follows that we have 

(3.5.12) ip^{a.) = t^^tf'*t^^{a) , ip*{h) = ip*ip^ip* (h) 
and tp*, Lp^ induce inverse bijections, 

(3.5.13) {ae /;,-z/(v4),a = v5V*(a)} = 

= {ip%h),heh-il{B)] « {(^*(a), a g /i-i/(A)} = 

= {b G h-il{B),h = (p^(p*(p^{h)} 

In summary, for a general A e QTZ, we have defined the sets 

h-il{A) 3 [l]-il(A) c U(A) eq{A) 

(3.5.14) lU lU lU 

E-[l]-il{A) c E-il{A) A Z-eq{A) 

For a self adjoint A e QTZ~^ we have equality h-il(A) = [l]-il(A). 
It is easy to check that for A = G{B), B a commutative ring, all the 
inclusions in (13.5. 14p are equalities, and are identified with the set of 
ideals of B. 



A9. 



Chapter 4 

Primes and Spectra 



4.1 Maximal ideals and primes 

We say that an equivalence ideal e e eq{A) is proper if (1,0) ^ £, 
or equivalently ex ^ Ax x Ax for some/all X e F,, or equivalently 
A/e ^ 0. We say that an ideal, or an /i-ideal, a is proper if 1 ^ a, or 
equivalently a[i] g A^i^ . Since a union of a chain of proper /i-ideals is 
again a proper /i-ideal, an application of Zorn's lemma gives 

(4.1.1) Proposition: For A e QTZ, there exists maximal proper h- 
ideal. 

We let Max{A) c h-il{A) denote the set of maximal ideals. 

(4.1.2) Definition: A (proper) /i-ideal p g h-il{A) is called prime if 
74[i]\p is closed with respect to multiplication, i.e. if for all a, 6 e Ay^, 

a o 6 G p implies a e p or 6 e p 

We let spec{A) Q h-il{A) denote the set of primes of A. 

(4.1.3) Proposition: Max{A) Q spec{A). 

Proof: Let p e Max{A), and take any elements a, o' e ^[i]\p. Since 
p is maximal, the /i-idcals (p, a) a and (p, a') a are the unit ideal. We 
have therefore 1 = (6 o c, rf), and 1 = (6' o c!,d'), with b,d e Ax, 
b', d! G Ax', c G (p u {a})^, c' g (p u {a'))^' . 
Thus we have 

1 = lol = {boc,d)o{b'oc',d') = {bocob'oc',d'od) = {bob'ococ',d' od) 

But CO c' G ((p u {a}) o (p u {a'}))^n^' c (p u {a o a'})^n^'^ and so 
1 G (p, a o a') A, hence a o a' ^ p. 



4.2 The Zariski topology 

The dosed sets in spec{A) are defined to be the set of the form 

(4.2.1) y (a) = {p G spec{A),p ^ a}, 

with a ^ which we may take to be an /i- ideal a e il{A). 
We have 

(4.2.2) (i) F(l]a,) = n^(a^), 

(ii) y(a-a') = V"(a) uy(a'), 
(m) y(0) = spec(A) , V{1) = 
This shows the sets l^(a) define a topology on spec(74), the Zariski 
topology. 

For a subset C ^ spec (A), we have the h-ideal, 

(4.2.3) /(C) = Hp 

pe/ 

We have a Galois corrspondence, 

V 

(4.2.4) /i-z/(yl) ^ {C ^ spec(A)} 

/ 

The maps V, I are monotone 

(A 9 rx ai Q as ^ K(ai) ^ \/(a2) 

^ ^ Ci ^ C2 ^ /(Ci) 3 /(Cs) 

and we have 

(4.2.6) a Q Jl^(a) , C ^ VI{C) 
It follows that we have 

(4.2.7) y(a) = y/y(a) and /(C) = IVI{C) 
and the maps V, I induce inverse bijections 

(4.2.8) {aG /i-z/(A),a = 7y(a)} = 

= {/(C), C ^ spec(A)} « {C ^ spec(A), C = VI{C)} = 

= {y(a),aG /i-zZ(A)} 

(4.2.9) Lemma: For a g h-il{A), we have 

IV (a) = {ae a" g a for somen > 0} ^/a. 
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Proof: If a G y^, say a" e a, then for all p 3 a, a g p, and so 

Vi ^ n P = ^^(a)- 

acp 

Assume a ^ so a" ^ a for all n. An application of Zorn's lemma 
gives that there exists a maximal element p in the set 



(4.2.10) {b G h-tl{A), b ^ a, a" ^ bfor alln} 

We claim p is prime. If x, x' e v4[i]\p, then the /i-ideals (p, x)a, (p, 
properly contain p, and by maximality of p in the set (14.2. lOp . we must 
have a"- e (p,x)a, a""' e (p, a;')^, for some n, n'. We get 

^n+n' ^^n ^ ^n' _ ^ ^ ^ _ „ „ ^/ „ ^) 

with 6, (i G Ax, y , d! e Ax', c g (p u {x})^ , c' g (p u {x'})^' . 

But cod G ((p u {x}) o (p u {x'}))^^^ ^ (p u {x o x'})^'^^, and 

since a""*"" ^ p, we must have x o x' ^ p; and p is indeed prime. Now 

p ^ a, and a^p, soa^ RP^ IV{a). 

acp 

(4.2.11) Lemma: For a subset C ^ spec{A), VI{C) = C the closure 
of C. 

Proof: We have C ^ VI{C), and VI{C) is closed. If C ^ ^(a), 
where we may assume a = s/a., then VI{C) c V^/V(a) = V^(a), and so 

VIiC)= f] y(a) = C 
Ccy(a) 



We can restate the bijection (14.2.8^ . as a bijection between the 
radical /i-ideals and the closed subsets of spec{A), 

(4.2.12) {a G h-il{A), a = Va} « {C Q spec{A), C = C} 



4.3 Basic open sets 

A basis for the open sets of spec(A) is given by the basic open sets, 
these are defined for a e A^i-^ by 

(4.3.1) Da = spec{A)\V{a) = {p g spec{A), a ^ p} 

We have, 

^ ^ D, = spec{A) , Do = 



4.^ 



That every open set is the union of basic open sets, is shown by 

(4.3.3) spec{A)\V{a.) = |J ^« 

aea 

Note that we have, 

(4.3.4) Da = spec{A) <^ a o = {a}A = (1) 

<^ there exists a (unique) e a o = 1 

We say that such a is invertible, and we let A* denote the set of in- 
vertible elements. Note that A* is an abelian group (with involution), 
and A 1-^ A* is a functor QTZ Ah (=abelian groups). 

Note that we have, 

(4.3.5) Da = 0^ae P| p = Vo 

pespec(A) 

<4> there exists n > with a" = 
We say that such a is nilpotent. 

(4.3.6) Lemma: Let a = ^/a. e h-il(A) be a radical /i-ideal. Then 

V{a) is irreducible <^ ais prime 

Proof: (<=): If a is prime, V(a) = VI {a} = {a} is the closure of a 
point, hence irreducible. 

(^): For any a e ^[i], we have 

(4.3.7) V{a) n Da 7^ ^ 3p e spec{A),p ^ a, p ^ a 

<^ a ^ P = = a 
acp 

Hence for any basic open sets Da, D^, a,b e A[^, we have 

V(a) n Da 7^ and V{a) r^Db7^04^a^a and 6 ^ a 
If V(a) is irreducible this implies 

7^ V{a) Da n Dh = V{a) n Daob <^ aob ^ a 

Thus the bijection f l4.2.12p induces a bijection 
(4.3.8) 

spec(A) < — > {C Q spec{A), C = C closed and irreducible} 
P- nP) = {p} 

4fi 



and the space spec{A) is a Sober space (or a Zariski space): every 
closed irreducible subset has a unique generic point. 

(4.3.9) Proposition: For a e A[i], the basic open set Da is compact. 
In particular, Di = spec{A) is compact. 

Proof: We have to show that in every covering of Da by basic 
open sets Dg., there is always a finite subcovering. We have 
(4.3.10) 

Da^\JDg, ^ V{a)^nV{9^) = V{^gioA[^^) 



[1] 



^ VFU = ^V{a) c IV (^Y.9i ° ^[1]) = ^Y.9i°A 
<^ for some n, a" g ^ g'j o A^i] 

i 

<^ for somen, X e¥,,b^d,e Ax-, a" = (6 o c, d), 
withe =(c(-))g({^,})^ 

Thus c^^) = gi(x), and going backwards in the above equivalences we 
get -Da Q IJ Dg.^^^, a finite subcovering. 

xeX 

4.4 Functoriality 

For a homomorphism of general rings (p e Q'R,{A, B), the pull-back of 
a prime is a prime, and we have a map 

^ ip* = spec{(p) : spec{B) spec{A) 

^ ■ ■ ^ q^(^*(q) =<^["ij(q) 

The inverse image under (/?* of a closed set is closed, we have 

(4.4.2) <p*-\VA{ei)) = {qespec{B),^^^]{q) ^ a} = 

= {qe spec{B),q^ <^[i](a)} = VB(^[i](a)) 

Also the inverse image under ip* of a basic open set is a basic open 
set, we have 

(4.4.3) ^*-'(£>a) = {q 6 spec{B), ip^,]{q) ^ a} = 

= {qe spec{B), (p[i]{a) ^ q} = D^^^^^a) 

Thus the map (p* = spec(ip) is continuous, and we see that spec is a 
contravariant functor from QTZ to the caegory Top, whose objects are 
(compact, sober) topological spaces, and continuous maps, 

(4.4.4) spec : {gny^ Top 
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(4.4.5) Lemma: For (/? e GTZ{A, B), and for b e h-il{B), we have 

VA{^7Mh))=^*{VB{h)) 



Proof: We may assume without loss of generality that b = Vb 
is radical (noting that ■^^[i] (b) = (^|^|(\/b)). Put a = Iif*{V(h)), so 

that V{a) = if*{V{h)) by (4.2.11). 
We have for any a e A[^, 

a G a <^ a G p, for every prime p g (p*(V{h)) 

<^ a e ip*{q) = (/7^|(q), for every prime q g ^(b) 

^ (y?[i] (a) G Pi q = Vb = b 
bcq 

Thus a = (^^|(b), and the lemma is proved. 

4.5 The stable spectrum 

In this section assume A e QTZ^ is self-adjoint. 

An application of Zorn's lemma, noting that g i5-[l]-z/(yl), and 
that for a chain aj g E-[l]-il{A) also the union is stable, IJaj g 
E-[l]-il{A), gives 

(4.5.1) Proposition: There exists maximal proper stable /i-ideals. 

More generally, for a stable /i-ideal a g E-[l]-il{A), and for / g 
such that ^ a for all n, an application of Zorn's lemma gives 
that there exists a maximal element m in the set 

(4.5.2) {b G E-[l]-il{A),h ^ a,/" ^ bfor alln} 

(4.5.3) Claim: Such a maximal m is prime, m G Spec(A). 

Proof: For x e A[^\m, the stable /i-ideal generated by m and 
X, ZE{m, x}a, properly contains m, hence contains some power 
Therefore, there exists a path, /" = ai, 02, . . . , a; = 0, with {a^, Oj+i} 
of the form {{b o c, d) , {b o c, d) } with 

6, d G c, c e (^j^^)^^®^^®^^' , c^-) = c^-) for ^ g Xj, 

c(y) , c^y) G m for y G Yj , c^^^ = x, &^ = for z G Zj 

For x' G 74[i]\m, there exists a similiar path = a^, 02, . . . , = 0, 
with [a'p a'jj^i) of the form as above with x replaced by x' . Assume m 
is not prime and x ■ x' e va.. The path [x' ■ x' ■ 02, . . . , x' ■ a; = 0} 
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has the form {(b o x' o c, d) , (b o x' o c, d)} = {{b o e,d), (b o e, d)} with 
e(^) = e(^) for x e Xj, and e^^\e^^^ e m for y e YjY[Zj (because 
x' ■ X e m), hence x' ■ is in ZE(m) = m (because m is stable). 

The path /"•<,..., • ^ = 0} has the form 

{{b'of^oc',d'), {b'of^od,d')}, with {f^oc'Y''^ = {f^-c'Y''^ for x e Xj, 
and (7" o c'yy), (f^ o c'^y^ g m for y g F/ ]J Zj (because /" • x' g m), 
hence is in ZE(m) = m, contradiction. 

(4.5.4) Corollary: For a stable /i-ideal a g i?-[l]-z/(yl), we have 

Va = P p 

aQp££;5pec(yl) 

the intersection taken over all the stable primes containing a. 

We have ESpec{A) ^ spec{A), the subset of stable primes, and we 
give it the induced Zariski topology. The closed sets are 

(4.5.5) V{a) = V{a) n ESpec{A), a ^ 

Note that this set depends only on Z£'(a)[i], and we may take a g 
E-[l]-il{A). For a subset C ^ E5'pec(A), /(C) = f| p is stable, 

peC 

/(C) G E-[l\-il{A). The formulas, and lemmas, of (1421) carry over to 
the stable setting. We have a Galois correspondence 

V 

(4.5.6) E-[l]-il{A) ^ {C ^ /;^pec(A)} 

/ 

inducing a bijection. 
(4.5.7) 

{a G E-[l]-il{A), a = Va} « {C Q £;,Spec(A), C = C closed} 

A basis for the topology of ESpec{A) is given by the basic stable open 

sets, 

(4.5.8) 

Da = ESpec{A)\V{a) = {p g ESpec{A), a^p} = Daf] ESpec{A) 
Note that we have 

(4.5.9) Da = ESpec{A) ^ ZE{a o A)[i] = Afij ^ 

there exists a path 1 = ai, 02, . . . , a; = 0, with {aj, aj+i} of the form 
{(60c, d), (60c, d)}, with b,de Ax^i^Yj, c,ce (^[1]) ^"^ ^ and d""^ = c^""^ 
for xeXj, c^y^ = a, c^^) = for ?/ g F^. 
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We say that a is a unit, and we let A^^^ denote the set of units; 
A* c Q 

Note that on the other hand, 
(4.5.10) 

Da = <^ a e Pi p = VO a is nilpotent <^ Da = 

peESpec(A) 

Thus we have 

(4.5.11) Proposition: ESpec{A) is dense in spec(A). 

For a radical stable ideal, e E-[l]-il(A), and for a e A[^, 

we have cf. ( 14.3.71) . 

(4.5.12) V(a) f]Da^ ^3pe ESpec(A),p ^ a, p ^ a 

<^ a ^ P P = = a 
acp 

Hence (4.3.6) goes through: V{a) is irreducible if and only if a is prime. 
Thus the bijection (14.5.71) induces a bijection 

(4.5.13) ESpec{A) < — > {C ^ E" S'pec( A), C closed and irreducible} 
i.e. the space ESpec{A) is sober too. 

(4.5.14) Proposition: The basic stable open sets Da = Daf] ESpec{A) 
are compact. 

In particular, Di = ESpec{A) is compact. 
Proof: We have, cf. fl4.3.10p . 

Da^UD,^ ^IV{a)^IV{{gi}) 

(4-5-15) ' ^aeV(^i?te})[i] 

<^ for somen, a" e (ZE{gi})[i-j 

<^ there exists a path a" = ai, 02, . . . , a/ = 0, with {aj, Oj+i} of the 
form {{b o c, d), (b o c,d)} with b,d e Axj^Yj, c,c e (^[i])"^^®^^ , and 
= ^(x) a; e Xj-, c(^) = ^i(y), c(^) = for ?/ G y^. 
Going backwards in the above equivalences we have a finite sub- 
covering, 

U U^-(.) 

0<j<lyeYj 

For a homomorphism of self-adjoint generalized rings Lp e QTl^(A, A'), 
the pull back of a stable [l]-ideal is stable, 

(4.5.16) : E-[l]-il{A') E-[l]-il{A), 
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and in particular, we get a continuous map 

(4.5.17) ESpec{ip) = : ESpec{A') ESpec{A). 
The analogs of (4.4.2) , (4.4.3), (4.4.4) , (4.4.5) hold: 

(4.5.18) ^*-i(V:4(a)) = i4'(v^[i](a)), 

(4.5.19) ip*-\Da)=D^^,^^a), 



(4.5.20) VA{ip^,]{h)) = riVA'ih), forb e E-[1]-U{A'), 

and ESpec is a functor from QTZ^ to (compact, sober) topological 
spaces and continuous maps 

(4.5.21) ESpec : (^7^+)°^ ^ Top 

For A = G{B), B a commutative ring, we have identifications, 

(4.5.22) ESpec{A) = spec{A) = spec{B) 
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Chapter 5 

Localization and sheaves 



5.1 Localization 

For A G QTZ, a subset S ^ A^^ is called multiplicative if 

(5.1.1) leS, andSoS^S, and = S 

For such S Q and for X e ¥„ we let (^'Ujx = {Ax x 5)/* 
denote the equivalence classes of Ax x S with respect to the equivalence 
relation defined by 
(5.1.2) 

(ai, si) (a2, S2) if and only if s o §2 o ai = s o si o a2 for some s g 5 

We write a/s for the equivalence class (a, s)/ss. Note that by taking 

"common denominator" we can write any element a = (a^'^ysy) e 

{S-^A)f = n {S-^A)f-^y), in the form 
yeY 

a = {a^^^s), (take s = J^Sj,, a^^^ = (]^ v) " f^^"^) ] 
\ y'^y / 

For / G Set,{X,Y), g e Set,{Y,Z), we have well-defined operations 
of multiplication and contraction, independent of the choice of repre- 
sentatives, 
(5.1.3) 

o : {S-^A)g X {S-^A)f — > {S-^A)g^f, a/si o b/s2 = ao b/si o 53 



(5.1.4) 

( , ) : (-S-U),o/ X (S-'A) f iS-'A)g, {a/s^, h/s^) = (a, h)/s^o{s2)' 

It is straightforward to check that these operations satisfy the ax- 
ioms of a generalized ring (commutative if A is commutative). The 
cannonical homomorphism 

(l):A^ S-^A, (j){a) = a/1 
.^2 



satisfies the universal property 

(5.1.5) gn{s-'A, B) = {^e gn{A, b), if{S) ^ b*} 

(5.1.7) Example: For s e take 5" = {s" • (s"")*, m,n ^ 0}. We 
write As for S~^A, and (ps e Q1Z{A, A,) satisfy 

gn{As, B) = {ipe gn{A, B), ip{s) e B*} 

(5.1.8) Example: For p = p* e spec{A), take S-p = ^[i]\p- We write 
A-p for 5"^^^^, and 0p e gTZ{A, Ap) satisfy 

gn{Ap, B) = {ipe gn{A, b), ^{A[^\p) q b*} 



5.2 Localization and /i-ideals 

For an /i-ideal a e h-il{A), we let 

(5.2.1) S-^a = {a/s e (5"^A)[i], s g 5, a g a} 

By using common denominator, we see that S~^a, is an /i-ideal of 

S-^A, S-^e,eh-il{S-^A): 

For b/si, d/s2 e {S^^A)x, and for a^/sx e -S'^-'^a, x e X, we have 



(5.2.2) {b/sio{aJs^),d/s2) = (&o(4oa^), d)/sio(s2)*o]^ s,, e S ^a, 

with = Sx' 
We have, therefore, the Galois correspondence 

(5.2.3) h-il{A) ^ /i-iZ(,5-^A) 

^* 

For b e h-il{S^-^A), we have 

(5.2.4) S-^(t>*h = b 

Indeed, for an element a/s e b, we have a/1 e b, or a g 0*b, and 
a/s G S'~^0*b; hence b Q S'~^(/)*b, and the reverse inclusion is clear. 
We have immediately from the definitions, for a g h-il(A), 
(5.2.5) 

4)*S~^a, = {a e A^^, there exists s e S with s o a g a} = [^(a : s) 

seS 

5.'^ 



In particular, 

(5.2.6) S-^a= (1) ^anS ^ 

We say that a e h-il(A) is S-saturated if (p*S^^ that is if 

(5.2.7) for all s G S", a G A^^ :soaea^aea 
We get that S^^ and 0* induce inverse bijections, 

(5.2.8) {a G h-il{A), a is S-saturated} < — > h-il{S^^A) 

For an S'-saturated /i-ideal a G h-il(A), let vra : A -» A/a = A/i?(a) 
be the canonical homomorphism, and let S = ng.^S) Q (74/a)[i], then 
we have canonical isomorphism 

(5.2.9) S-\A/a) ^ S-^A/S-\ 

Note that for a prime p g spec{A), p is S'-saturated if and only if 
p n S = 0, and in this case S^^p is a prime, .S^^p g spec{S^^A). 
Note that for a prime q g spec{S^^A), 0*(q) is always an S'-saturated 
prime. We get the bijection, 

(5.2.10) {p G spec{A),p n S = 0} ^ spec{S-^A) 
This is a homeomorphism for the Zariski topology. 

From now on let A G ^7^"*" be self- adjoint. 

For s G A[ij, the homeomorphism (15.2.101) gives for example (5.1.7), 



(5.2.11) 0* : spec{A,) — > D, spec{A) 

For a prime p g spec(A), the homeomorphism (15.2.101) with S = 
Sp, c.f. (5.1.8), reads 

(5.2.12) (/)p : spec{Ap) {q G spec{A), q ^ p} 

The generalized ring Ap is a local- generalized-ring in the sense that it 
has a unique maximal /i-ideal nip = Sp^p = (Ap)[i]\Ap. The residue 
field at p is defined by 

(5.2.13) Fp = Ap/mp = Ap/E{mp). 

We have the canonical homomorphism np : A ^ ^/p, and putting 
'S'p = 7rp(S'p), we have (15.2.91) 

(5.2.14) ¥p = Sp\A/p) 
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The square diagram 
(5.2.15) 



A 



A 



P 



^Px 



nI/^^P 

V 



is cartesian, 
(5.2.16) 



Fp = (A/p)(X)Ap 



6;7^+(Fp,s) = {v9e^;7^+(Ai?), v^(p) = o, <^(A[i]\p) q e*} 

(5.2.17) Proposition: We have for p g spec[A), 

Fp 7^ ^ p is stable: p e E[l\-il{A) 
Proof: We have 



Fr 



'p = 0<^l = Oin Fp_[i] 

<^ there exists a path in (5'p^yl)[i], 1 = ai/si,a2/s2, ■ ■ ■ ,ai/si = 0, 
with {cj/sj, Oj+i/sj+i} of the form {{b o c,d), (b o c,d)} with b,d e 
{S-^A)x^(SYp c,ce (5-lA[l])^^®^^ and c(^) = c(^) for x e Xj, c^y\c^y) e 
mp for y eYj 

<^ there exists a path in v4[i], s = ai,a2, ■ . . ,ai = 0, with s g S'p, 
and {aj,aj^i} of the form {{b o c,d),{b o c,d)} with b,d e Ax^^Yp 
c,ce (A[i])^^®^^ and c^^) = c^^) for x e X^-, c^s'), c(^) e p for ?y e Yj 

For a homomorphism of self-adjoint generalized rings Lp e QTZ~^{A, B), 
and for q e spec{B) with p = (p*{q) e spec(v4), the square diagram 
fl5.2.15p is functorial, and we have a commutative cube diagram 
(5.2.18) 




Note that the homomorphism i^p e QTZ~^ (Ap, Bq) is a local-homomorph 
in the sense that 

(5.2.19) rup = ipp^{7nq), or equivalently <^p(mp) Q mq 

(5.2.20) Definition: We let CQTV^ denote the subcategory of QTV^ 
with objects the local generalized rings, and with maps 

Cgn+{A,B) = {ifeg'R+{A,B),ip*{mB)=mA] 

5.3 The structure sheaf Oa 

(5.3.1) Definiton: For a self-adjoint A e QTV^ , U Q spec{A) open, 
X G F,, we denote by Oa{U)x the set of sections 

f:U^W{Ap)x. /(p)G(Ap)x 

pe!7 

such that / is locally a fraction: 

(5.3.2) for all p e there exists open t/p Q t/, p g ?7p, and there exist 

a G Ax, s G (J q, such that for all q g U-p, /(q) = a/s e {Aq)x- 

qec/p 

Note that Oa{U) is a (self-adjoint) generahzed ring, and for U' ^ U 
restriction gives a homomorphism of generalized rings 

(5.3.3) Oa{U)^Oa{U'), f^flu' 

Thus Oa is a pre-sheaf of generalized rings over spec{A), and by the 
local nature of the condition (5.3.2) it is clear that it is a sheaf of 
generalized rings, i.e. for X g F,, U Oa{U)x is a sheaf. It is also 
clear that the stalks are given by 

(5.3.4) C»^,p = limC»^(t/)^Ap 

■peU 

if/ -) - /(P) 

(5.3.5) Theorem: For s e A^^, we have a canonical isomorphism 

-^-.As^OAiD,), ^{a/s^) = {f{p)^a/s^} 
In particular for s = 1, 

A ^ OAispec{A)) 

Proof: The map ^ which takes a/s'" e Ag to the constant section 
/ with /(p) = a/s" for all p G D^, is clearly well-defined, and is a 
homomorphism of generalized rings. 

5fi 



\1/ is injective: Assume \l/(ai/s"'i) = '^{a2/s'^'^), and let a = a?m^(s 
ai,s"i oaa) g cf. ([3331). We have, 

ai/s"i = a2/s"2 in for all p e -Ds 

^ sp o s"^ o Qi = sp o o a2 with sp e ^[i]\p for p e 

^ a $ p for p G Z^s 

^ y(a) n = 

(5.3.6) ^ y(a) ^ 

^ s e IV{a) = s/a. 
^ e a for some n 
=^ 5«+"2 o ai = s"+"i o aa 
^ tti/s"^ = aa/s"^ in 

\E' is surjective: Fix / e Oa{Ds)x- Since is compact (4.3.9), we can 
cover Ds by a finite collection of basic open sets, Ds = Dg^ u . . . u Dg^, 
such that on Dg. the section / is constant, 

/(p) = tti/si for p G I^g,, with ^ 

We have V^(sj) ^ ^(<7i)' hence g IV {si) = hence for some rij, 
and some q g Aji], 51"' = q osj. Thus our section / is given on Dg- by 
ai/si = Q o ai/gi \ Noting that D^, = D^^i, we may replace g^' by 5^^, 
and replace q o a j by a j , and we have 

/(p) = a-i/gi for p g Dg^ , 

On the set D^.^. = Dg- n D^^., i ^ j, our section / is given by both 
tti/gi and aj/gj. By the injectivity of \E', we have 

fliAi = aj/9j in ^3,32 
Thus for some n we have 

{9i9jT ° :9j o = (fl'i:9j)" o 9i o O-j 

By finiteness we may assume one n works for all i,j ^ A^. Replacing 
g^ o m by ai, and replacing (yff"*"^ by gi, we may assume / = ai/gi on 
Dg,, and 

(5.3.7) gj o tti = gi o aj for all i, j 
We have D^ ^ (J D^, , hence by (14.3. lOp we have 

s^^ = {boc, d) 

with h,d e Ay, c = {c^y^) e {A[iyj^ with c^^^ = gi^y-^, i{y) : Y 
{!,..., N). Define a e Ax by 

(5.3.8) a = (boej), with d e A^^ = {Ayf, J^^'^ = d, 
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Here the cartesian diagram is 




[1] 

We have for j = 1, . . . , TV 
(5.3.9) 

Qjoa = gj o {boe,d) = (bo (gje), d) = (p o {gj o ai(j^)), d) 

= (b o {gi(y) o ttj), d) = (b o c o dj , d) = (bo c, d) o aj = o aj 

Thus we have in Ag, dj/gj = a/s'^^ for all j', and our section / is 
constant / = ^'(a/s^), and ^ is surjective. 
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6.1 Locally generalized ringed spaces 

All generalized rings are assumed to be self-adjoint (and can be as- 
sumed to be commutative). 

(6.1.1) Definition: For a topological space X, we let QTZ^/X denote 
the category of sheaves of generalized rings over X. Its objects are pre- 
sheaves O of (self-adjoint) generahzed rings, i.e. functors U 0{U) : 
Cx QT^: (with Cx the category of open sets of X, with Cx{U, U') = 
{j^,} for U' ^ U, otherwise Cx{U,U') = 0), such that for all X e 
F., U ^ 0{U)x is a sheaf. The maps gn/X{0,0') are natural 
transformations of functors ^ = {^(C/)}, (p{U) e gn{0{U), 0'{U)). 

(6.1.2) Definition: We denote by QTZS the category of generalized 
ringed spaces. Its objects are pairs {X,Ox), with X e Top, and 
Ox e gTZ~^/X. The maps / e Q7lS{X,y) are pairs of a continuous 
function / e Top{X ,y), and a map of sheaves of generalized rings 
over y, p e gn/y{Oy, f^Ox); explicitly, for all open subsets U ^y, 
we have a homomorphism of generalized rings 

f!j = {f}j,x}^GnOy{U),Ox{f-'U)) 

and these homomorphisms are compatible with restictions: for U' Q 
U ^ J^open, andforo G Oy(;7)x, wehave/i^(a)|/-i([7/) = ffj, xi^^lw) 
in Oxif-'U')x. 

(6.1.3) Remcirk: For a continuous map / e Top{X,y), we have a 
pair of adjoint functors 

gn+/x C gn+/y 

f* 

For sheaves of genralized rings Ox e giZ'^/X, Oy e giZ^ /y, we have 
f,Ox{U) = Oxif-'U) ,U^y open; 




(6.1.4) Remcirk: For a map of generalized ringed spaces / e QTZS{X^ 3^), 
and for a point x e A", we get the induced homomorphism on stalks 



/J : Oyj^,) = \unOy{V) \unO;,{f-'V) 



(6.1.5) Definition: We let CQTZS ^ QTZS denote the subcategory of 
QTZS of locally generalized ringed spaces. Its objects are the objects 
{X, Ox) e QTZS such that for all points x e X the stalk Ox,x ^ CQTZ 
is a local self-adjoint generalized ring. The maps / e CQ71S{X ,y) 
are the maps (/, /") e QTlS{X,y), such that for all points x e X, the 
induced homomorphism on stalks is a local homomorphism, (5.2.20), 




V '^y open 

xef-^V 



\hnOx{U) = Ox,. 
U ^ X open 
x eU 



,x 




and the spectra functor 



spec : {gn+yp 



CgnS, spec{A) = {spec{A),OA) 



specie) = (fi* for if e gn+{A, B) 



are an adjoint pair: 



cgns{x,spec{A)) = gn+{A,Ox{x)) 



functorially in A" e CgUS, A e gn+ 



Proof: For a point x e X we have the canonical homomorphism of 
taking the stalk at x of a global section, (f)^ e QTl{Ox{X), Ox,x)- Since 
Ox,x is local with a unique maximal /i-ideal mx,x, we get by pullback 
a prime p^, = (f)*{mx,x) ^ spec{Ox{X)). Thus we have a canonincal 
map 

p : X ^ spec{Ox{X)), x p^. 

The map p is continuous: For a global section g e Ox{X)[ij, we 
have the basic open set Dg ^ spec{Ox{X)), and 

(6.1.7) P'^{Dg) = {xe X, p^ e Dg} = {xe X, 4>^{g) ^ mx,x] 

This set is open in X, because if 4>x{g) ^ ^x,x we have in Ox,x 
some Vx with Vx o (pxig) = 1, hence there is an open set U ^ X, with 
X e U, and an element v e Ox{U)[i-j with vog\^ = 1, and for all x' e U, 
Vx' o (px'ig) = 1, and 4>x'ig) ^ 'i^x,x'- This shows p is continuous. The 
uniqueness of the inverse Vx = (pxid)'^ ^oi x e p~^(Dg) shows we have 
a well defined inverse v = {g\p-'^(Dg))~^ ^ ^x{P~^{^g))[i]- Thus we 
have a homomorphism of generalized rings 

(6.1.8) p^^^:Ox{X)g^Ox{p-\Dg)), a/^" - o (a|p-.(^ J 

The collection of homomorphisms {p\-)^,g e Ox(X)[ij}, are compatible 

with restrictions, and the sheaf property gives homomorphisms p^j e 
QTZ {OspecOx(x){U), Ox{p^^{U))y Thus we have a map of generalized 
ringed spaces p = (p, p") e Q71S{X, spec{Ox{X))). For a point x e X, 
we can take the direct limit of p^^, fl6.1.8p . over all global sections 
g e Ox{X)[i] with 4>x{g) ^ mx^x, and we get a local homomorphism 
p| G CQ7l{Ox{X)p^,Ox,x)- This shows p is a map of locally-ringed 
spaces, p G CQ71S{X, spec{Ox{X))). 

Given a homomorphism of generalized rings ip e QTZ'^{A, Ox{X)), 
we get the map in CQIZS 

(6.1.9) {speap) o p : ;f ^ spec{Ox{X)) spec{A) 

Given a map of locally ringed spaces / = (/, /'') g CQTZS {X, spec{Aj), 
we get a homomorphism in QTZ~^ , 

(6.1.10) r(/) = : A = 04spec{Aj) ^ Ox{X) 

These correspondences give the functorial bijection of (6.1.6), we need 
only show they are inverses of each other. First for ip e QTZ^ (A, Ox{X)), 
we have 

(6.1.11) T{spec{ip) o p) = r(p) o T{spec{Lp)) = ido^ix) o if = if 
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Fix a map / = {f,P) e JCGTZS(X , spec{A)). For a point x e X, we 
have a commutative square in QTZ^ 

A = OA{spec{A)) ^-W 0;,{X) 

(6.1.12) 4>f{x) i i 

/I 

Since the homomorphism /| is assumed to be local, we get 

(6.1.13) r(/)-i(pJ = nf)-\ct>-x\mx,x)) = <P]l4ft\rnx,x)) = 

This shows that {spec r(/)) o p = / as continuous maps. 

For an element s g we have the commutative square in QTZ^ , 

A = OA{spec{A)) Ox{X) 

(6.1.14) i i 

As = Oa{D,) ^ Ox{f-\Ds)) = Ox{Df^,)) 
Thus for a/s" g Ag, we must have 

(6.1.15) fl^{a/s-) = {m{sn\f-HDs))~' ° (r(/)(a)) 

= p« or(/)(a/0 

This shows that / = {spec r(/)) op also as maps of generalized- ringed 
spaces. 

6.2 Schemes 

(6.2.1) Definition: An object X = {X,Ox) e CQTIS will be called a 
Grothendieck- generalized- scheme if it is locally isomorphic to spec{A)''s: 
there exists a covering of X by open sets C/j, X = \jUi, such that the 

i 

canonical maps are isomorphisms 

p:{U,,Ox\u.)^spec{Ox{Ui)) 

We let QQS denote the full sub-category of CQTZS, with objects the 
Grothendieck-genralized-schemes. 

(6.2.2) Open subschemes: Note that for X e QQS, and for an open 
set U ^ A", we have the open subscheme of X given by {U, Ox\u)- That 



this is again a scheme, {U,Ox\u) ^ GGS, follows from the existence 
of affine basis for the Zariski topology on spec{A), A e GTZ^, namely 
{Ds, Oa\ds) ^ spec{As) for s e 

(6.2.3) Gluing shemes: The local nature of the definition of Grothendieck- 
generalized-scheme implies that QQS admits gluing: 

Given Xi e QQS, and open subsets Uij Q Xi, and maps ipij e 
QQS{Uij, Uij), satisfying the consistency conditions 

(i) Uii = Xi, and Lpu = id^,, 

(a) (fijiUij n Uik) = Uji n Ujk, and (pjk o ipij = (fik on Uij n Uik, 
there exists X e QQS, and maps Lpi e QQS{Xi, X) such that 
(i) ifi is an isomorphism of Xi onto an open subset ^Pi{X.j) ^ X 
(vi) X = {j^,{Xi) 



(Hi) ipi(Xi) n ipj{Xj) = ipi{Uij), and (pj o ipij = ifi on U 



(6.2.4) Ordinary Schemes: For an ordinary scheme {X,Ox), with 
Ox di. sheaf of commutative rings, there is a covering by open sets 
X = [JUi, with {Ui,Ox\ui) = spec{Ai), the ordinary spectrum of 

i 

the commutative ring Ai = Ox{Ui). We then have Grothendieck- 
generalized schemes Xi = spec{Q{Ai)) = {Ui,Q{Ox)\ui)- These can be 
glued along Uij = Ui n, Uj, to a Grothendieck-generalized scheme de- 
noted by G{X) = {X,Og(^x) = Q{Ox))- It is just the underlying topo- 
logical space X with the sheaf of generalized rings Q{Ox) associated to 
the sheaf of commutative rings Ox via the functor Q : Ring QIZ^ . 
(12.2.31) . Denoting by TZS the category of (ordinary, commutative) 
ringed spaces, the functor Q applied to a sheaf of commutative rings 
O, gives a sheaf of self-adjoint generalized rings Q{0), and we have a 
functor Q : TZS QIZS. Denoting by CIZS (resp. by S) the category 
of locally- (commutative)-ringed spaces (resp. the full subcategory of 
ordinary schemes), the fact that Q is fully-faithful implies that we have 
fuU-embeddings of categories. 



g 

ens cgns 

A A 



g 

> ggs 



A 



spec 



spec 



Ring^p ^ {gn+yp 
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(6.2.5) The affine line over F is given by, cf. (12.6.181) . 

= spec A W = spec¥[z^] 

We have = vj {0}; (0) is a prime, the generic point of A^; 

and (z) is a prime, the closed point of A^ = {(0), (z)}. 

(6.2.6) The multiplicative group over F is given by 

Gn, = spec¥[z^] = {(0)} c A^ 
For a (self-adjoint) generalized ring A, 

gn{¥[z%A) = A* = {ae A[^, there is a'^ e A[^,aoa-^ = 1} 

(6.2.7) The projective line over F is obtained by gluing two affine lines 
along Gm 

= spec¥[z^] Yl spec¥[{z-^f] = {mi,mo,mao} 

spec¥[z^] 

It has a generic point mi = (0), and two closed points mo = (z), 

Interchanging z and z^^ we get an involutive automorphism 

(6.2.8) / : ^ P\ I ol = idr 
interchanging rriQ and rrioo- 

Every rational number / e Q*, defines a geometric map fz e 

ggs{specg{z),r)- 

If / = +1 this is given by the constant map 

¥[z^] F[+l] Q g{Z), z^ f = ±1 
If / 7^ +1, let iVo = Yl p,N^= n then 

(6.2.9) spec g (Z) = spec g{Z[-^]) TT specg{Z[-^]) 

-'*0 — -'*oo 

and the geometric map fz is given by the spec-map associated to the 
homomorphisms : 

F[^^] g{z[-^]) 

in in' 

(6.2.10) F[;^^] Ginj!^]) 

lU lU ' 

m-'f] ^(^[i]) 

z^ f 



Z-' 
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6.3 Projective limits 

(6.3.1) The category of locally generalized ringed spaces CQIZS admits 
directed inverse limits. For a partially ordered set J, which is directed 
(for ji,j2 e J, have j e J with j ^ ji, j ^ p) and for a functor 

X ■ J ^ cgns, J 3 j ^ Xj, ji ^ j2 ^ nji e cgns{Xj,,Xj,), 

we have the inverse limit limAf e CQTZS. The underlying topological 

T 

space of limA" is the inverse limit of the sets Xj, with basis for the 

topology given by the sets TtJ^(Uj)^ with Uj Q Xj open, and where 
TTj : limAfj Xj denote the projection. The sheaf of generalized 

rings CiimA" over \miXj, is the sheaf associated to the pre-sheaf U ^ 

< — ^ 

J 

\imn*Oxj{U). For a point x = (xj) e \imXj, the stalk OumA-.x is the 

direct limit of the local-generalized-rings Oxj,Xj, and hence is local, 
and {limXj,0\imx) £ CQTZS. An alternative explicit description of 

the sections s e OumxiU), for U Q limA'j open, are as maps 

(6.3.2) s : [/ ^ ]J CiimA-.x, with s{x) e Oi^x,x 

xeU ^ ^ 

such that for all x e U, there exists j e J, and open subset Uj ^ Xj, 
with X e iT~'^{Uj) c JJ and there exists a section Sj e Oxj{Uj), such 

that for all y e TxJ^{Uj), we have s{y) = T^\{sj)\y. 
We have the universal property 

(6.3.3) CgnS{Z,\imX) = \im CgnS{Z, Xj) 

Note that if Xj = spec(Aj) are affine generalized schemes, then the 
inverse limit 

(6.3.4) \im{spec{Aj)) = spec{\imAj) 

T T 

is the affine generalized scheme associated to lim Aj the direct limit of 

the Aj's computed in QTZ^. (Hence in 5*6^0, cf. fl2.7.3p ). 

Note on the other hand that QQTZ is not closed under directed 
inverse limits (just as in the "classical" counterparts, the category 
CTZS (resp. Ring) is closed under directed inverse (resp. direct) 
limits , while the category S of schemes is not closed under directed 
inverse limits). 

(6.3.5) Defintion: The category of generalized schemes QS is the 
category of pro-objects of the category of Grothendieck-generalized 
schemes, QS = pro-QQS. 

6.5 



Thus the objects of QS are inverse systems X = {{'^j}jeJ, {^jl }ji^j2)y 
where J is a directed partially ordered set, Xj e QQS for j e J, and 
T^jl e ggS{Xj^,Xj^) for ji ^ ja, 31,32 e J, with vrj = zrf^t",, and 
vrjg o Trj^ = 7rj^ for ji ^ j2 ^ js- The maps from such an object to 
another object 3^ = {{yi}iei, {vr-^lii^sij are given by 

(6.3.6) gs{x, y) = \imhmggs{Xj,y,) 

T T 

i.e. the maps Lp e gS{X, y) are a collection of maps tpj e ggS{Xj, 3^i) 
defined for all i e I, and for j ^ r(i) sufficiently large (depending on 
i), these maps satisfy: 

(6.3.6.1) for all i e I, and for ji ^ j2 sufficiently large in J: 

(6.3.6.2) for all ii ^ Z2 in and for j e J sufficiently large: 

vrl^ o irP- = lpI 

The maps = {'■p\}j^T{i), and = {'^i}j>^(«)? considered equivalent 
if " 

(6.3.6.3) for all ? e /, and for j e J sufficiently large: 

n = 

The composition of v? = {'^Dj^rii) e ^'5(A',3^), with -0 = e 
gS{y, Z), is given by o = {7/;^ o (f^i) j^r{a(k)) egS{X,Z). 

There is a canonical map (which in general is not injective or sur- 
jective, but see [G]). 

(6.3.7) \imcgns(Xj, yi) — > cgns(\imXj, yi) 

T T 

By the universal property (16.3.31) we have bijection 

(6.3.8) lim£^7^5(lim A"^, yi) = CgnS{\imXj, limJ^O 

T T T T 

Composing (16.3.71) and (16.3.81) we obtain a map 

(6.3.9) £ : \im\im CgnS{Xj, yi) — > CgnS{\imXj, \imyi) 

T T T T 

Thus we have a functor 

(6.3.10) C -.gS — > CgnS, C{{Xj}j^j) = limXj 

We view the category ggS as a full subcategory of gS (consisting of 
the objects X = {Xj}j^j, with indexing set J reduced to a singleton). 



6.4 The compact ified specL 



We denote by rj the real prime of Q, so | | : Q ^ [0, go) is the usual 
(nonarchimedian) absolute value, and we let denote the associated 
generalized ring (12.31) . ^ ^(Q)- For a square-free integer N 2, 
we have the sub-generalized-ring 

(6.4.1) A,, = g{Z[^])nOr,^g{Q) 

The localization of An with respect to g A^^^^ gives (^a^)^ = 
^(Z[-^]), so the inclusion jjy : Ajy ^ ^C^iji]) gives the basic open 
set 

(6.4.2) : spec{Z[^]) = specg{Z[^]) ^ Di_ ^ spec(A^) 

The inclusion ij^ : A^ ^ O.^, gives the real prime r]^ e spec (An), 
(6.4.3) 

r]N = «^V(m^), {r]N)x = {a = (a^) e (Z[— ])^, ||a||^ = ^ \a^f < 1} 



xeX 



Note that t^at is the unique maximal /i-ideal of A^, and tIat is a local 
generalized ring. Let denote the Grothendieck generalized scheme 
obtained by gluing spec (An) with spec Q (Z) along the common (basic) 
open set spec(^(Z[-^])), cf. (6.2.3). The open sets of Xjq are the open 
sets Um = spec(Z[^]) ^ spec(Z), (and Oxj^{Um) = ^(^[]g])), as well 
as the sets {r]N}^UM, with M dividing {and Oxff{{i]N}^UM) = Am, 
M\N). For N2 dividing A^i, we have a map n^'^ e QQS{Xnj^, ^^2) 
induced by the inclusions A^^ ^ A^-^, and ^(Z[;^]) ^ ^(^[]^])- 
Note that yrj^^ is a bijection on points, and that moreover, 

('n-Nl)*^XN^ = ^Xm^ and {-K^lf is the identity map of Oxm^- But there 
are more open sets in X^^ then there are in X^^. The compactified 
specZ is the object of QS = proQQS given by ({A'tv}, {'^nI}n2\Ni), 
(6.4.4) 

specTL = < X]\r = spec{AN) ]J specQ{Z) 

[ specGizi^]) J square free 

Note that the associated locally-generalized-ring space 



(6.4.5) X = C{specZ) = HirXn e CQUS 



N 



has underlying topological space X = {77} ]J s^)ec(Z), with open sets 
Um = ■5pec(Z[-p]) (and Ox{Um) = ^(^[]^]))? as well as the sets 
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{^}U^M, with no restrictions on M and Ox{{'ri}Y[UM) = for 
M ^ 2, while the global sections are Ox{X) = F.[+l]. 
The stalks of Ox are given by 

(6.4.6) = ^(^(p))' P^spec{Z), Z(p) = {^GQ,ptn}, 

Similarly for a number field K, with ring of integers Ok, and with real 
primes rji, i = 1, . . . , 7 = 7]r + 7c, we have the sub-generalized-ring of 
g (K) given by 

(6.4.7) A^,, = g{OK[j^]) n Ok,,, ^ Q{K) 

Let Ajv be the Grothendieck generalized scheme obtained by gluing 
{spec(v4jv,i)}j^7 and {spec{Q{OK))} along the common (basic) open set 
spec [QiOKij^])). For N2\Ni, we have ti^I e ggn{XN„ Xpf^) induced 
by the inclusions Aat^ j ^ Ajy^^i. We get the compactified spec(OK), 
it is the object of QS given by the Ajv's and tt^Vs. The space 



(6.4.8) Xk = C{spec{OK)) = lim A'jv e CQTIS 

has for points the sets spec{OK) U{?7i}i^7, and for open subsets the 
sets U U{r]i}iei, U ^ spec{OK) open, / Q {1, ... ,7}, where 

(6.4.9) OxAUUi^ihei) = n ^(^K,,) r.f]OK,r,. 

peU iel 

In particular, the global sections are 

(6.4.10) OxA^k) = n ^(^^.f) ^ n ^^'r,, = Hf^K] 

with fj,K ^ O^ the group of roots of unity in O^. 

Every rational number / G Q*, defines a geometric map / G 

QS{XX), i-e. a collection of maps g ggS{XNX), for ^Tdi- 

visible by iVo ■ iV«, iVo = JJ p, = JJ p, with / o Trjif = 

Mf)>o Mf)<o 
For / = +1 it is the constant map given by 

(6.4.11) ¥[z^] F[+l] = g{Z) n An, for any N 

z^f = ±l 

For / 7^ +1, we may assume |/|^ < 1, by the commutativity of 

(6.4.12) / the inversion (6.2.8) 
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p' 



X 




P' 

Thus for TV divisble by A^o ■ we have f e An, and the map / 
is given by 

(6.4.13) 



N 



Xn = specQ{Z) ]J An 



Gin^])^ An f 



/ 



N 



, with 



f 



N 



and fi is as in (6.2.10). 

Similarly for a number field K, every element f e K* defines a 
geometric map 



Chapter 7 
Products 



7.1 Tensor product 

The category QTZc of commutative (or the self-adjoint part Q'R-c) S^^" 
erahzed rings has tensor-products, i.e. fibred sums: Given homomor- 
phisms (p^ e gTZc{A, B^) j = 0, 1, there exists B° (g) e GTZc, and 

A 

homomorphisms i/j^ e QTZc{B\ B^ <gB^), such that -0° oy}° = ifj^oif^, 

A 

and for any C e GTZc, 

(7.1.1) gniB^(g)B\c) = gn{B'',c) Yl Qt^{b\c) 

A gn(A,c) 

So given homomorphisms e QTZ(B^ , C) with P oifp = f^otp^^ there 
exists a unique homomorphism /° ® g QTZ{B^ (g B^. C), such that 

A 

{P®f^)oip^ = p. The construction of (X) goes as follows. First 

A 

for a finite set {6?, . . . , 6° , . . . , 6^}, where 6:^ e B-' . , we have the free 

i 

commutative generahzed ring on the sets {X°, . . . , Xl, . . . , X^} 
(12.6.71) . and we write 6?, . . . • • • canonical generators. 

Taking the direct limit over such finite subsets (]2.7.3p . we have the 
free commutative generalized ring A with generators 6, with b e B^ or 
b e B^. We divide A by the eqivalence ideal Ea generated by 

boV_'^boV_ , b,b' eB^ , j = 0,1; 

{m-W , b.b'eB^ , j = 0,l; 

1^ ~ 1 , where V e Sj^j is the unit; 

V3°(a) ~ v^^fl) ) for a G A 

The quotient generalized ring A/ea is the tensor product B^(gB^, 

A 

the homomorphism ■0-' is given by i/j^b) = b mod Ea, b e B^ . 
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Note that every element of (i?°(X)i?^)x can be expressed (non- 

A 

uniquely) as 

(7.1.3) (a, ^) = (oi o o ■ ■ ■ o a„, o • • • o h^) mod Sa 

with tti G I). £ j^i^(^°d.2)^ /lO- ■ -ofn = cx°gio- ■ -ogm (where 

cx G Set,{X, [1]) is the canonical map, cx{x) = 1 for all x e X). These 
elements are multiplied and contracted by the formulas (II. 12. lip and 
01.12.121) . 

(7.1.4) Example: For self-adjoint monoids Mo, Mi, N, and homomor- 
phisms ip^ e Mon~^{N, Mj), i = 0,1, we have (by adjunction fl2.4.8p ). 

F[Mo] (X) F[Mi] = F[Mo (X) Mi] 

F[Ar] Af 

where Mq (X) Mi is the fibered sum in the category Mon"*". The monoid 

N 

Mq (x) Ml is given by elements mo (x) mi, rrii e M^, with relations 

TV 

mo ® = ® = ® mi , nii e Mi 

and 

mo • ?/'°(n) ® mi = mo ® il?'{n) ■ mi , n e N 

(7.1.5) Example: For a commutative (semi-) ring B, let B- de- 
note the underlying multiplicative monoid of B (i.e. forget addition), 
and let F[i?'] denote the associated (commutative and self-adjoint) 
generalized ring, cf. (12. 4p . From the identity map B' ^ ^(i?)[i], 
we obtain by adjunction fl2.4.8p the canonical injective homomor- 
phism Jb g Q71{¥[B'],Q(B)). The unique homomorphism of (semi) 
rings N ^ B, gives the unique homomorphism of generalized rings 
Ib g ^7^(^(N), Q(B)). We get a canonical homomorphism of general- 
ized rings, 

(7.1.5.1) = ® e lg{N)0¥[B-], G{B) 

The homomorphism \1'b is always surjective (as follows from f l2.2.8p ). 
For any (self- adjoint) monoid B, the generalized ring = ^(N) (x)F[i?], 

F 

can be described as 

(7.1.5.2) nf = |(7r:X^X,^:X^S)|/% 

The elements of are (isomorphism classes of) sets over X ]^ 5, 
where the equivalence relation % is generated by isomorphisms, i.e. 

{ti : X ^ X, II : X ^ B) K {n' : X' ^ X, ^i' : X' ^ B) ii there is 
a bijection a : X ^ X' , 7i = 7i'oa,fi = fi'oa, 
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and by zero, i.e. 

(7.1.5.3) (X, TT, /i) % {X\{x}, 7r|^\{^j, /il^^^^j) if f^{x) = 0. 

For / G Set,{X, Y), and for (X, jj) e rix, (Z, X) e n^, we have the 
contraction, cf. (12.2.121) . 

(7.1.5.4) ((X, ^), (Z, A)) =(^XYIZ, (^, A) j 

(/i, A)(x, 2) = fi{x) ■ X{z) 

For (y, /i) e riy we have the multiphcation, cf. (12.2.141) . 

(7. 1.5.5) (F , ^) o (Z, X) = {YYlZ,fioX) 

Y 

fioX{y,z) = ^(y) ■ X{z) 

For a commutative (semi)ring B, the canonical homomorphism (7.1.5.1) 
G QlZ{n^\ G{B)) is given in this description as 

(7.1.5.6) (vI>s(X,^))^= /.(i) 

X G X 

Tr(x)—x 

To get such a surjective homomorphism we can use any muhi- 
phcative submonoid Bq ^ B' such that N[i?o] = B. For example, for 
B = Z the integers, we can take Bq = {0, +1}, and we get a surjective 
homomorphism 

(7.1.5.7) ^G^;7^(^;(N)(x)F[+l],^?(z)) 



7.2 The arithmetical plane T+ = Q{N)(g) g{N) 

¥ 

An oriented-tree is a (rooted) tree F together with a map 

ef ■■ F\dF {0, 1} 

It is 1-reduced if z^(a) 7^ 1 for all a e F. If for some a e F, Sp^{a) = 
{a'}, we obtain by 1-reduction the tree 

(7.2.1) UF) = F\{a} 

with Spi{a') = Spia). 

For every oriented tree F there is a unique 1-reduced tree F^_^q^^; 
it is obtained from F by a finite sequence of 1-reductions. 

The oriented tree F is 0-reduced if for all 

ae F\{dFlJ{OF}),e{a) ^ e{S{a)). If for some a g F\(5F ]J{Oir}), 
e{a) = e{S{a)), we obtain by 0-reduction the tree 

(7.2.2) Oa(F) = F\{a} 
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with Soa(F){0'') = Spia) if S'i?(a') = a. 

For every oriented tree F there is a unique 0-reduced tree F^_Ye(ij 
it is obtained from F by a finite sequence of 0-reductions. For a O- 
reduced oriented tree F, the orientation ep is completely determined 
by its value at the root eFiOp), since epix) = eFiOp) + ht{x){mod2). 
Thus we view 0-reduced oriented trees F as ordinary trees together 
with an orientation of the root Sp = £f(Of) e {0, 1}. 

The commutativity relation on oriented trees can be described as 
for ordinary trees, cf. fl2.5.1ip - (12.5.131) : it is generated by F % Cg j^F, 
but now the isomorphisms 0"a : Ha ^ H has to preserve orientation. 

It is also generated by the transpositions F % C^F, cf. (I2.5.23p . 
which are a special case of commutativity. But note that even if 
F is O -reduced, the tree Cq jjF need not be 0-reduced; in fact, 
already for transposition C^F is (almost) always not 0-reduced, and 
the associated 0-reduced tree ChF = (C'b')o-red '"^^ described as 
follows: for h e F\{Qp], such that for all a e Sp^{b), iyp{a) = n, 
(7.2.3) 

For 0-reduced F such that for all a e Sp^{Op), iyp{a) = n, (the 
case of b = Op above), we have 

(7.2.3) o Oo^F = {F\Sp\0)) ]JH, as in (2.5.25) but with the new 
orientations. 

Note that the operations of eoop = I — ep of 1-reduction, O- 
reduction, and transportation, do not alter the boundary of a tree. 

We let % denote the equivalence relation on oriented trees gener- 
ated by 1-reductions, 0-reductions, and commutativity relations. We 
let [F] denote the equivalence class of the oriented tree F. Thus 
[F] = [F'] if and only if there exist F = Fq, Fi, . . . , F; = F', such 
that for j = the pair {Fj,Fj_i} is related by 1-reduction, 

or 0-reduction, or transposition; it follows that there is a canonical 
identification of the boundaries: dF = dF' . 

For a finite set X e F,, let denote the collection of isomorphism 
classes of data 

(7.2.4) Tx = {F = ([Fi]; [F.], x e X; ap)]/ ^ 

where Fi, F^ are oriented trees taken modulo %-equivalence, and ap is 
a bijection ap : dFi ^ \J ^^x- Thus explicitly, the data F is equiva- 

lent to the data F', if and only if there exists F = F°, F^, . . . , F' = F' 
such that for j = 1, . . . , / the pair {F-^, F^~^] = {G, G'] is related by 
either: 
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(7.2.5) Isomorphism: have isomorphism Ti : Gi ^ G[,Tx : G 
G'^,x e X such that ac o ri(6) = r^^ o adb) for b e dGi, adb) e dG, 



X 

X- 



(7.2.6) 1-reduction: liave G' = laG, for some a g Gi ]J JJ^a; '^ith 
u{a) = 1, cf. (1I2I1). 

(7.2.7) O-reduction: have G' = OaG, for some 

a e {Gi\{dGiUm)UU.^x\{dG^lJ{0}) with e{a) = e{S{a)), cf. 

xeX 

(17X21). 

(7.2.8) Transposition: have G' = G^G, for some b e GiY[ j ]Gx, 

xeX 

such that for all a e S~^{b), e{a) = e, and Ta : S~^{a) ^ [n] bijection, 
cf. 

The operations of multiplication (]2.5.5p . and of contraction (12.5.70 . 
induce well defined operations on equivalent classes of data, and make 
T into a commutative (but non-self-adjoint) generalized ring. It is 
straightforward to check that 

FoG ^Fo (l.G) ^ F o iO,G) ^ F o (C^G) 
.7 o = i^aF) O G ^ (O^F) O G ^ (GIF) O G 

^ ^ ^ ^ (F, G) ^ (F, 1„G) ^ (F, O^G) ^ (F, (QG) 

^ {laF,G) ^ {OaF,G) ^ {G^,F,G) 

whenever the operations 1^, Oa, Cl are relevant, and that T satifies 
the axioms of a commutative generalized ring. Note that for e: = 0, 1, 
we have the elements 

(7.2.10) = ([Xy{0}];[0,],xGX;a) eTx 

where X ]J{0} is the oriented tree with £(0) = e, S{x) = for x g X, 
and 0" : X ^ ]J {0^.} is the natural bijection a{x) = 0^.. 

xeX 

For / G Set,{X,Y), and ((5^)^^) = 5)-i(yy y e Y, we have via 
O-reduction 

(7.2.11) 6^y o 6} ^ Sl,^f^ 
we also have by 1-reduction 

(7.2.12) 5fi] = ([{0} ]J{1}]; [O^]; a) ^ {[0,]; [0,]; zd) = 1 e T^^ 

Thus we get homomorphisms, cf. (2.2.16), \1/^ g ^7^(^(N),T) with 
^^(Ix) = ^x- It is clear that T is generated by the 6x, and the 
only relations they satisfy are (17.2.111) . fl7.2.12p . and commutativity. 
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It follows that T is the sum of Q{N) with itself in the category of 
commutative generalized rings: for any commutative A e QTZc, 
(7.2.13) 

gn{g{fi),A)xgn{g{N),A) a gn{T,A) 

(ip O t/j^ ^ If o ip^'j <— I if 

The tensor product g (N) (X) g (N) in the category of commutative 

F 

and self-adjoint generalized rings gTZ^ is therefore the self-adjoint 
quotient of T, T"*" = T/e"*". Here is the equivalence ideal of T 
generated by 

Passing to this quotient is equivalent to adding the following identifi- 
cations on elements F = ([Fi]; {[Fa;]}a;gx; cr) e Tx, 

(for a tree F, and b e F, we write F/b = ]J Sp"'(b) for the full 

subtree of F with root b): 

if for some bi e Fi, and some b^o e F^^, xq e X, the bijection a 
satisfy (7{d (Fi/bi)) = d (^F^^/bxo), then F is identified with 

(7.2.14) (6i,6,jF: = 

([(^i\ (Fi/h) U {F.o/K)l {F.U^o, mo\ {F.o/K)) U A)}; ^) 

with a = (r\m\^{F^/b^)U(^~^\8{F^Jb^^) 

Unfortunately, the self-adjunction relation (17.2. 14p is not compat- 
ible with the transposition relation (7.2.8). We do not have canonical 
representatives for the elements of Tj^. 

The diagaonal homomorphism 

(7.2.15) V egn{T+,g{n)) 

is determined by Vx('^x) = '^x, and is given explicitly by 

(7.2.16) Vx([Fi]; [F,],ex; a)/^ = (a : dF, ^ X)/ ^ 

(realizing ^(N)x as isomorphism classes of sets over X). The homo- 
morphism V is surjective, but it is not injective. For calculations of 
V|^|(A^) for = 1, 2, 3 see the appendix. 

For a (self-adjoint) monoid B, the tensor product T+ (x)F[i?] can 

F 

be described as isomorphism classes of data 

(7.2.17) {T+(g)¥[B])x := {F = {[F,]; {[F.]}.ex; a^; A^f)}/ = 

F 
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Here the data ([-Fi]; {[-f'xljxex; is the data for TJ, and hf is a 
map '■ dFi B, and isomorphisms are required to preserve the 
5-valued maps, and the zero law cf. (7.1.5.3) holds in the form: 

fiF{b) = 0, OFib) =xo^F^ {[Fi\{b}]; {[F.]}.^.o u m,]\{Mm 

The operations of multiplication and contraction are the given ones 
on the T+-part of the data (i.e. given by fl2.5.5p and (12.5.71) . and are 
given on the 5-valued maps by (using the notations of (2.5.6) and 
(2.5.8)): 

(7 2 18) 1^'='°^^^' = l^c;{b) ■ /iF^j,, (a) ,bedGi,ae dF^(b) 

H(G,F){b, a) = ficib) ■ ^F;^,(,)(o-"^a) , b e dGi, a e dF^^b) 

For commutative rings Bo, Bi, taking B = Hq®B[ (the sum m 
Mon"*", cf. (7.1.4), we get the generalized ring 

T+ (X)F[4 ® 5l] = 6;(N) (X)F[5;)] (X)6^(N) (X)F[5l] 



which maps surjectively onto Q{Bq) (x)^(_Bi). 

F 

For the integers Z, taking B = {0, +1}, we get the generalized ring 



(7.2.19) T+(X)F[+1] = (6;(N)(X)F[+1]) (X) (6?(N) ® F[+l]) 

F F F[±l] 

which maps surjectively onto ^(Z) (x) ^(Z) = T 

F[+l] 

7.3 Products of Grothendieck-Generalized- 
schemes 

The categor QQS has fibred products: 

Given maps p g ggS{X^ ,Y), there exists X^UyX^ e ggS, and 
maps TTj e ggS{X^IlYX^ , X^), with o -kq = o tti, and for any 

e ggS{Z, X^), with o = o g^, there exists a unique map 
g^Txg'^ e ggS{Z, X^YlyX^), such that tij o (g^irg^) = g\ j = 0, 1. 

Writing Y = (Jspec(A), {py^{spec{Ai)) = [j speciBji^), the 

i k 

fibred product X'^UyX^ is obtained by gluing spec{B^i^^ ^^IkJ. See 

the construction of fibred product of ordinary schemes, e.g. |Hartt 
Theorem 3.3, p. 87]. 
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7.4 Products of Generalized-schemes 

The category QS has fibred products. This is an immediate corollary 
of (I7.3p . Given maps 

V = M}j^a(i) e gS{{Xj}jej, {Yi}iej), 

and 

V'' = {vi'}r^<T'ii) e gS{{X-,}j,ej,, {Yi}iei) 

the fibred product of tp and in QS is given by the inverse system 
{XjUy^Xji}, the indexing set is 

{ij,f,t)eJxJ'xI\j^a{i), j'^a'ii)] 

7.5 The Arithmetical plane 

X = specZ Yl specL 

F +1] 

This is a special case of f l7.4p : The (compactified) arithmetical plane 
X is given by the inverse system [X^ Y\ '^m]i with indexing set 

specF[+l] 

{(A^, M) G N X M|A^, M square-free} and with 

as in (I6.4p . This generalized scheme X contains the open dense subset, 
specg{Z) Yl specQiZ) = spec{g{Z) (X) ^(Z)) 

F[+l] F[+l] 

A basis for neighborhoods of (p, rf) is given by 

F[+l] ^'^ 

where p does not divide A^, and M is arbitrary. 

Similarly, for any number field K we have the compactified surface 

specOx Y\ specOK 

specF[/ijf] 

It contains the open dense subset spec{Q{OK) (X) Q{Ok))- 
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Appendix 

We enumerate the isomorphism classes of oriented trees F, which 
are 1-reduced and o-reduced, for TV = ^dF = 0,1,2,..., 6, and we 
show the commutativity classes. Note that every such tree gives 
a partition: N — 1 = J] ^{'^) ~ 1- We mark with a circle the 

aeF\dF 

points of F\{dF ]J S{dF)). The orientation of the tree is denoted by 
£ = £i.(0) G {0, 1}. 
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N = 1 : * , £ = 0, 1 



N = 2 : (1) : 



A^ = 3 : (2) : (1, 1) : 

N = 4 : (3) : 






(2,1): ^£ , 



(1,1,1) 




TV = 5 : (4) : ^"W^ (2, 2) : 






(3, 1) : ^£ , ^ e 



(2,1,1): 



(1,1,1,1): 
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We enumerate the elements of VmJ(7V) c ^(N) (X)^(N) for 

V F / [1] 

N = 1,2,3. The bijection a is described by the numbering at the 
boundaries of the trees. We take only the 1-reduced and o-reduced 
trees - the orientation is given by the number next to the root. 
N = l : ! = (.,«) 



12 12 12 12 




2 12 12 12 




123123 123123 



N = 3: 




123123 123123 





2 3 1 3 1 3 2 3 
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Chapter 8 
Divisors 



Let X = {Xn, N e U]tt^ : ^ Xat, M ^ TV} be a generalized 



8.1 Meromorphic functions 

The sheaf of merom,orphic functions of level e M , JCn e GTI/Xn, is 
the sheaf of generalized rings over Xjq associated to the presheaf whose 
sections over an open set U ^ X^ are the elements of the quotient ring 
S^^Oxn{U), where Su is the multiphcative set in Oxjv(^)[i] given by 



Su = {ae Ox.{U)[i], for aU M ^ N, aU open sets V ^ (Tr^y^U), 
all h, 62 G Ox^iV), {TT^fa o 61 = {TT^fa o 6^ ^ 61 = 62} 



We have the canonical injections Ox. ^ ^n-, and these are com- 
patible: 

(8.1.2) for M ^ N,we have a commutative diagram in QTZ/X^ 



We have an exact sequence of sheaves of abelian groups on X^ given 
by the units, 



scheme. 



(8.1.1) 



Ox. 




(8.1.3) 



* 



* 



8.2 Cartier divisors 

A Cartier divisor on X, of level A^, is a global section of the sheaf 
^n/^Xn- abelian group of Cartier divisors is denoted 

Div{X)^ = }C*^/0*^^{Xr,) 

For an invertible meromorphic function / e /C^(X^'), let div{f) denote 
the image of / in Div{X)i^j. 

Thus a divisor of level N, D e Div^X)^, is represented by an open 
covering {Ua} of Ajv, and local equations e IC^{Ua), such that 

(8.2.1) fajfa2 e 0*x^ (C/„i n for all a^, a2 

Two such collections {Ua, fa} and {Vg,fi'/3} represent the same divisor 
if and only if there exists a common refinement {VF^}, and elements 
Uj e Oxj^{Wj), such that for all a, (3, 7, 

(8.2.2) W^^UanVp^ fa = u-,o on 

8.3 Associated invertible module 

For a divisor D e Div{X)]si, represented by {Ua,fa}-i we define the 
subsheaf Ox^D) ^ Km by OxAD)\u^ = fa' o Ox^\u^. 

The sheaf Ox^^iD) is an (9xjv"Submodulc of ICn, in the sense that 
the operations of multiplication and contraction of /Cat satisfy, 
(8.3.1) 

Ox^oOxAD)oOx^, iOx^,OxAD)), {OxAD),Ox^) ^ OxAD) 

Moreover, Ox{D) is an invertible OxAr-sheaf, in the sense that it is 
locally isomorphic to Ox^- 

8.4 Effective divisors 

A divisor D e Div{X) ^ is said to be effective if any one of the following 
equivalent conditions holds: 

(8.4.1) If {Ua, fa} represents D, then e Ox^Ua). 

(8.4.2) Ox^^OxAD)^1Cn 

(8.4.3) OxA-D)^Ox, 

Thus for effective divisor D, the sheaf Oxf^{—D) is an C^Ar-ideal, 
which is homogeneous (and locally principal). The quotient sheaf 
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Od = ^Xjv/-E'(C'xjv(— -D)) is supported in the closed set supp{D) Q 
Xn, and (supp(D)) , O d) is a closed subscheme of 

Note that for M ^ N, we have via (8.1.2) a homomorphism of 
abelian groups 

(TT^ f : Div{X)n ^ Div{X)m 



8.5 Divisors 



We let B{X) denote the set of all D = {Dn}, Dn g Div{X)N, which 

are monotone: 

(8.5.1) 

for M^N, {n^fDN = Dm o , with e Div{X)m effective; 

and are hounded: 
(8.5.2) 

there exists A^o ^ ■A/', and d^^ ^ Div^X)^^ such that for M ^ Nq, 

Dm o (T^Nofd-No is effective. 
For D = {Dn} , D' = {D'^} in B{X), we write D ^ D' \i and only 

if 

(8.5.3) for all A^, there exists t{N) ^ A^, such that for aU M ^ t{N) 
we have (vrjlf )«D^ = o with cij!f e Dit;(X)M effective. 

We write D ^ D' ii D ^ D' and D ^ D'. The relation % is an 
equivalence relation on B{X). The collection of ss-equi valence classes 
is defined to be the set of divisors of X. 



Div{X) = B{X)/ % 

The structures of abelian groups on Div{X)N, induce a structure of 
an abelian group on Div{X). The relation ^ on B(X) induces a 
partial-order on Div(X), making it an ordered abelian group. 



8.6 Example: Div{specL) 



Let X = specL = {'^n}j^^2 square free i^-^)^ ^^"^ fix N = pi. 

The open sets of are Um = specL\^^, any M, and t^M U{?7} 
for M\N. A cofinal system of coverings of is given by 

(8.6.1) Vr, = Win], V^^ = U^.M, WKVi}. i = l,...,k 

The sheaf is the constant sheaf Q*. Thus D e Div{X)N is repre- 
sented by fj,„...,fp,}e (Q*)'=+i, with 

(8.6.2) fjf,^ e O^^M^ n V,^) = H^^Y 



-NMiMj 
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(8.6.3) U/fp.eO*^jV,nV,J 
and with 

(8.6.4) fp,eQ* modulo 0*^jVp,) 

(8.6.5) /, G Q* modulo 0^^(K,) = { + 1} 
It follows that we have identification, 

(8.6.6) DtviX)r, ^ (0Z • [p]) elog(Q+) • [q] 

p\N 

D = {f„f,„...,f,,}/ ^^J]i.,{D).[p] 

p 

^vi^) = - log l/^l, iyp{D) = Up{fp) for p\N, 
{up = p-adic valuation) 
The homomorphism (vrj^)" : Div{X)M Div{X)iq is given for M = 

(8.6.7) {7:^f : (©Z^]) @log(Q+) ■ [r/] - (©Zb]) @log(Q+) ■ [77] 

p\N p\M 

I 

J] Up{D) . [p] -log |/,| ■ M - 2 i/,(i^) ■ b] + 2 z.,, (/,) ■ fe] -log |/,| ■ M 

p\N p\N i = l 

The sequence Dn e Div(X)]s[ is monotone if and only if for all 
p, including p = r], the filter i>p{Di^) is decreasing. We obtain an 
identification, 

(8.6.8) Div{X) = {B{X)/^) ^ (©Z[p]) elog(M+) ■ [77] 

p 

D = {Dr,]/ * - 2 yp{D) ■ [p] + z.,(D) ■ [ry] 

p 

with i'p{D) = \im.Vp[D]si) 

For / G Q* we have 

(8.6.9) c?z^;(/)=2]i^,(/).b] + z.,(/)M 
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^r,{f) = - log l/l^, Up{f) = 2>adic valuation. 

We obtain the exact sequence (the "completed-cohomology-sequence" 
associated to (8.1.3), 



8.7 Conjectures 



Let X = {Ajv,m} = specL Y[ specL, and let T> = Div{X). 

F[±l] 

There should exist an intersection pairing 
(8.7.1) ( , ) -.V xV ^R = log(R+) 

with the usual properties: 

(8.7.2) Bilinear: (Di oD2,C) = {Di, C) + {D2, C) 

(8.7.3) Symmetric: {D, C) = (C, D) 

(8.7.4) Linear-equivalence invariant: (D o div(f),C) = {D,C) for / e 

^AT.Jwl'^iV.M)- 

Moreover, there should exist a collection of functions 
(8.7.5) 

W(M"'") = { / : M"*" M, f(x) and f'{x) are continuous except for 
finitely many points xi, . . . ,xn, where 

f{xi ± 0) and f'{xi ± 0) exist, and f{x) compactly 
supported ( or \f{x)\ and |/'(a;)| are 

^ c ■ max(a;, x^^)~^2+^)^£ > 0)} 

and a mapping 

(8.7.6) Fr : Div{X) 

such that for /i , /2 e / the intersection pairing is given by 
(8.7.7) 

(Fr(A),Fr(/2))=/i(0)/2(l) + /i(l)/2(0)- J] ^a) ■ Ml - a) 

00 

with f{a) = ^ f{x)x°'^, the Mellin transform, and the sum is over 


the non-trivial zeros of Riemann's zeta ^{a). 



R7 



Contemplating the geometric analog, one might further conjecture 
that the mapping Fr is Z-linear, and satisfy 

(8.7.8) Fr(/i * h) = Fr{h) * Fr{h) 

00 

with ordinary convolution of functions /i * f2{y) = ^ ^/i(a^)/2(f) and 



(non-commutative) composition of divisors 



Di * D2 = pri 3{{Di X specL) ■ [specL x D2)) 
and that moreover 

(8.7.9) Fr(/^) = Fr(/)^ 
with 

(8.7.10) /^(a;) = x'^ ■ /(x"^), and = J\D) 

where J : X ^ X is interchanging factors 

Thus there could be a family of functions fi e >V(]R"'"), and divisors 
Di e Dw{X)^ i e I, such that fis the Z-spann 

(8.7.11) /= jS^u/n 4' ^M^^ 
and 

(8.7.12) 

If /is rich enough to localize the zeros of Riemann's zeta (i.e. is such 
that if there is a zero ao of zeta, ^(ao) = 0, with ao ^ I — oq, then 
there is f e f, with ^ /(o^) ' /(I ~ ol) negative), then the Riemann 

«(")=0 

Hypothesis would follow from the Castelnuovo-Severi inequality, itself 
a consequence of the Riemann- Roch theorem for X, cf. |H89j . 
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